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Abstract

We develop and analyze a framework for two-stage methods with
EB-splines, applicable to continuous and discrete approximation prob-
lems. In particular, we propose a weighted discrete least squares fit
that yields optimal convergence rates for sufficiently dense data on
Lipschitz domains in R

1 Introduction

The basic idea of a two-stage approximation method, introduced by Schu-
maker in [23], consists in using local approximations in the first stage as input
for a piecewise polynomial quasi-interpolation operator in the second stage.
This combines high flexibility in fitting local features of the data with con-
venient representation of the approximation suitable for efficient processing
such as fast evaluation and surface visualization, see [5, 6, 7, 12]. Moreover,
the two-stage methods are naturally parallelizable and, in contrast to the
approaches based on a directly computed global approximation [8], do not
require solving any large linear systems.

One of the most prominent types of piecewise polynomials used in ge-
ometric modeling are tensor product B-splines. They are often preferred
thanks to their simple uniform structure and efficient implementation. Dis-
crete least squares approximation with B-splines is the method of choice in
many applications, like reverse engineering or car body design. However,
when approximating functions or data defined on a non-rectangular domain
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Figure 1: Large error near boundary

Q, the trimming required at the boundary leads to severe problems because
the basis functions typically lose their stability when restricted to 2. Fig-
ure 1 illustrates a typical problem arising in scattered data fitting, where a
function is approximated from its values at a finite set of data sites. Here,
the domain €2 is the disk with radius r = 2.5 centered at the origin. The
function f : Q 3 (x,y) > sin(z) + y* is to be approximated using its values
on a finite set of evenly distributed data sites in the discrete least squares
sense by biquadratic tensor product B-splines with integer knots. Since f is
defined only on €2, it makes sense to restrict also the approximant to that
set. Hence, only the 56 B-splines whose support intersects €2 are relevant for
solving the problem, and all others are disregarded. The condition number of
the normal equation for determining the spline coefficients is about 2.5-10'3,
indicating a loss of stability of the standard B-spline basis. However, diago-
nal preconditioning reduces the condition number to a modest value of less
than 1000 so that the system can be solved accurately. This observation is in
line with the results in [21] concerning stabilization of B-splines by normal-
ization. The maximal error at the data sites is less than 0.01. By contrast,
the maximal deviation between the given function and the approximating
spline on all of the disk is more than 100 times larger, where the peaks are
located near the boundary, see Figure 1(b). This problem, shown here in a
particularly drastic case, is persistent, even when using very dense data sets.
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Figure 2: Uneven data distribution

To overcome these difficulties, we suggest the use of extended B-splines
(EB-splines), as introduced in [15, 13]. The basic idea is that B-splines
supported near the boundary of the domain are coupled with inner ones.
This process yields a stable basis, what is important from a practical point
of view. However, boundary artifacts, as shown above, are related to the
approximation space itself, and occur independent of the chosen basis. It
was observed in [14], and will be proven here, that approximation in EB-
spline spaces avoids undesirable behavior near the boundary and provides
optimal convergence on all of the domain.

Even when using well suited bases there is another subtle problem with
ordinary discrete least squares fits. It arises when using unevenly distributed
data sited, see [19] for a similar discussion in the context of moving least
squares methods. We illustrate this problem by a slightly artificial example,
presented in Figure 2. Here, the function f(x,y) = 1—2%—y? is approximated
on [—0.5,0.5]? by bilinear polynomials. We assume that a large number
of data points lies on a segment of the circle obtained by projecting the
intersection curve of the graphs of s(z,y) = kx + 0.75 and f into the zy-
plane. As illustrated in Figure 2(b), this uneven distribution of data sites
forces the discrete least squares fit to deviate from f by more than k/24, see
the calculations in Example 5.3. Since k£ may be chosen arbitrary large, the
discrete least squares fit cannot guarantee reasonably small approximation
error. By contrast, an optimal fit on the same data with respect to the
discrete max-norm would yield a maximal error of order h?.



The purpose of this paper is to develop and analyze a framework for
two-stage methods with EB-splines, free of the problems discussed above. In
particular, we propose a local weighted least squares fit which yields optimal
convergence rates for sufficiently dense data on Lipschitz domains in RY.

Since the local approximations in the first stage have to be performed
on subdomains of €2 which may inherit a complicated boundary from 2,
and by considerations of efficiency, we propose to use EB-splines also as
the local approximation tool. Therefore we need error bounds which do
not include constants depending on the subdomains in an undisclosed way.
Unfortunately, the Bramble-Hilbert Lemma in its known variants can only
be used on relatively simple domains (e.g. star-shaped or convex), and the
standard approach of applying an extension theorem for Sobolev spaces is
ruled out because it makes the constants in the local error bounds dependent
on the subdomains. Instead, we develop a new approach based on extending
any subset of {2 to a graph-bounded set.

The paper is organized as follows. In Section 2 we establish a Bramble-
Hilbert-type lemma for sufficiently small subsets of 2 in the particular form
required later on. Section 3 is devoted to EB-splines and some of their basic
properties. Then, in Section 4, two-stage methods for EB-splines are defined
and analyzed. These results, which are fairly general, are specialized to local
least squares techniques in Section 5. While the continuous case is easily set-
tled, discrete problems require more care. We consider both standard least
squares techniques and a weighted fit that yields qualitatively optimal ap-
proximation results. Finally, in Section 6, we confirm our theoretical results
by numerical experiments.

2 Local polynomial approximation

In this paper, we consider the approximation of functions on a bounded
connected Lipschitz domain @ C R? characterized as follows: For some
numbers 9, ;x> 0 and each ¢ in some finite index set A C N, there is an open
cube Y, := (0,7,)%!, a function ¢, : Y; — [, 00) with Lipschitz constant

Ce(y) — Ce(y)] -

o Y

sup p
Yy €Yy Hy -y Hoo

and an isometric map I, : R — R such that

0= U L), Q:={(y,2) eYixR:0<2z<y)}
ten



Further, the sets [,(£2) overlap such that the subsets Q) := {(y,2) € Q :
§ <y <m—0,z> 6} still provide a covering of €, i.e., Q= [J,c, Lo(€2)).

Note that every bounded domain {2 with a locally Lipschitz boundary
satisfies the above conditions for suitable u and o. Indeed, in this case every
point inside the domain belongs to a cube contained in €2, and every point on
the boundary of €2 has a neighborhood whose intersection with the boundary
is the graph of a Lipschitz continuous function [1]. By choosing a suitable
cube inside this neighborhood, and then extracting a finite cover thanks
to the compactness of 2, we will get the desired sets €, and isometries
I,. However, the parameter ¢ introduced here plays a prominent role in our
analysis as it provides an upper bound on the size of subsets for which various
estimates hold, see e.g., Lemma 2.3 and equation (14). Therefore, for any
given domain it is desirable to have ¢ as large as possible. It is not difficult
to show, for example, that for the unit disk in 2D the above definition holds
with any § < \/5/2

Let p,p’ € [1,00] be a pair of conjugate exponents, related by 1/p+1/p’ =
1. As usual, we set 1/p = 0 for p = co. The Sobolev space W(€2) of order
n € N is the closure of the set of smooth functions on €2 with respect to the

norm
HfHW;I(Q) = Z |f|wg,v(sz), ’f|wg(9) = Z Hf(a)||LP(Q)7

k<n |a|=k

where |a| = a; + -+ + ag and f@ = #Mi.
Let P be the space of real-valued d-variate polynomials. We define the
subspace P" of polynomials of coordinate order n and the subspace P" of

polynomials of total order n by
P" = {n € P: 7(® =0 for all a with maxa; = n},
P" = {m € P:7® =0 for all a with |a| = n},

respectively. Clearly, P" C P".

Throughout the paper, the order n € N, the space dimension d > 2, the
exponent p € [1,00], and the domain € according to the above construction,
are regarded as fixed parameters. Equally, some size factor r > 1 and some
bound ¢ > 0 on the distortion of knot sequences, to be introduced in the
next section, are fixed. To formalize the concept of generic constants, we
introduce relations < and =, defined as follows. Given the fixed parameters
n,d,p,$,r, o, it is

A<B and B> A

if and only if there exists a positive real constant ¢ such that A < ¢B for any
instance of the real-valued terms A and B within some range defined in the



context.

Definition 2.1 Given a continuous function ¢ : (0,1)%! — [1,2], and an
isometry I : R — R, the corresponding graph-bounded set v C R with
scaling factor ¢ > 0 is defined by

vi=1(qV), = {(y,z) c(0, )" ' xR:0<z< ((y)}

The Bramble-Hilbert Lemma is the key to establishing local approxima-
tion properties of splines. In principle, the following variant for the graph-
bounded sets could be derived from results in [22], but we include a proof
for the sake of completeness.

Lemma 2.2 For any graph-bounded set v with scaling factor q, and for any
function f € W] (v), there exists a polynomial = € P* with

|f = 7lwrey S flwp), m<n (1)

Proof: Under isometries, P" is invariant and Sobolev semi-norms change at
most by a factor depending only on the order. Further, (1) is invariant with
respect to scaling. Hence, without loss of generality, we may assume that the
isometry I is the identity, and that ¢ = 1, i.e., v = .. Let 7o := (0,1)? C .

By the Bramble-Hilbert Lemma [3], there exists a polynomial © € P" such
that

|f = Tlwite) S | flwne),  m <mn, (2)

We show that the same polynomial 7 satisfies the required estimate on 7.
To this end, we prove

|f = 7lwme < U flwpey, m<mn,

by induction on m, decrementing from the case m = n, which is trivial.
Assume that the assertion is true for some m < n. For any multi-index
a of total order |a| = m — 1, consider the function A := f(® — 7@ For
yeY :=(0,1)4"1and 0 < z < ((y), let

¢(y)
Ar(y,2) == Ay, 2/C()), Aaly,2) == / 0.y, ) dt.

Clearly,
A2 =Ml =] [ s d] <t )
z/C(y
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which implies |A| < [Aq] 4+ |Ag|. First, substituting v = z/{(y) and using
(2), we obtain

¢(y) 1
1A, < / / Ay, 2/C ()P dedy < 2 / / Ay, w)|? dudy
Y JO Y JO
=2 HAHIZP('YO) < |f|p ,;L(Wo) S ’f|p ;(7)‘

Second, by Holder’s inequality and the induction hypothesis,

C(y) ) Cy) p<S(y)
18], = /Y /0 Aoy, 2)|? dady < 2977 /Y /0 /O 0.A(y, )P dtdzdy

¢(y)
< olte/p / / 0:A(y, )P dtdy = 2°||0.A|l ],y < |1} 2 ()"
Y JO

Combining the two estimates and summing over all a concludes the proof.
O

The size |w| of aset w C € is defined as the max-norm of the diagonal of its
bounding box. Polynomial approximation in a neighborhood of sufficiently
small subsets of (2 will be established by the following observation:

Lemma 2.3 For any subset v C Q of size || < §/(2V/d), there exists a
graph-bounded set * with scaling factor ¢ == /d|7y| and size 7] < (d+1)]],
such that v C v* C 2. Hence, there exists a polynomial m € P such that

|f - W‘Wzﬁ"(w) < h/’nim |f|W];L('y*)7 m < n.

Proof:  Let the index ¢ € A be chosen such that v N I,(€2)) is not empty.
There exists a cube v := (', 2') + (0, ¢)? of size ¢ containing the pre-image
/

of v, i.e., I} (y) C /. Since ¢ < §/2 and +' contains points in €2, we have
q <y <mn—qand 2z >q. Hence,

V'i={,2) ey +9" xR: 2 —q<z<min(z +q,Cy))}

is a graph-bounded set with scaling factor ¢ and I, () C 7" C Q, implying
that v* := I,(7") is a graph-bounded set with scaling factor ¢ and v C v* C
Q2. The size of v* is bounded by ¢v/d+ 1 < (d + 1)|y|. The last statement
follows from Lemma 2.2. O



3 Extended B-Splines

In this section, we give a brief introduction to the construction of extended
B-splines and to some of their properties. More details on this topic can be
found in the web-spline literature, e.g., in [13], [14].
Let
T:=[T', T% ..., T

be a multivariate knot sequence for tensor product splines on R%. For sim-
plicity, we assume that the knots ¢! forming the bi-infinite sequence 7" are
strictly monotone increasing and diverging, i.e.,

ti <ti, 1€,

and
lim ¢ = —o0, limt¢ = o0
i——00 1—00
for all ¢ ,d. The grid cell Ty corresponding to the index k =

=1,.
(k! k?) € Z" is defined as the half-open box I'y := [t} t}, ;) X -+ X
[tkd, de) Let I}, = t.,4 —tj,,0c = 1,...,d, be the side lengths of I';. We
assume that the cells are uniformly bounded, and define the grid width h as
the maximal side length of all cells,

h := sup max [},.
kezd 1=l

The distortion of the knot sequence T', defined as the maximal ratio of side
lengths, is assumed to be bounded by some constant p,

: : v \—1

(inf, min, )"k < ¢

Thus, a lower bound for all side lengths is I, > h/p. Throughout, the
grid width h € (0, hg) is regarded as a variable, while the bound p on the
distortion is one of the fixed parameters. A specific value for the maximal
grid width hg will be given in (14).

In the following definition of extended B-splines, we will not only consider
the domain €2 but also certain subsets thereof whose size is comparable to
the grid width. These subsets will be used for local approximations in the
first stage of the two-stage methods described in Section 4. Given some size
factor r > 1, belonging to the list of fixed parameters, we define

Wr = {w C ) : w is measurable and contains a grid cell I‘k}
Wi = {w C Q:w is measurable and |w| < rh},
W; = WT N WT.



Subsets w € Wr are called local sets and those in Wi local domains. Through-
out, to avoid trivial cases, we assume that the knot sequence is chosen fine
enough to guarantee that ) contains at least one grid cell, i.e., Wy and Wy
are not empty. In particular, Q € Wr.

For k € Z%, the multivariate tensor product B-spline of coordinate order
n € N with respect to the knot sequence 7T is denoted by

br(x) == by (') -+ bzd(xd),

where each b}, is a univariate B-spline of order n with knots 7*. Its support
is the box
St 1= [ty ] X o0 X [tZdytde]-

Given any w € Wr, restricted grid cells and restricted supports are defined
by
Lo =TrNw, sur=sNw, k€ VA

respectively. With
K, :={kc€Z" s,; # 0}

the index set of relevant B-splines, the space of restrictions to w of all tensor
product splines of coordinate order n with respect to the knot sequence 1" is
given by

B[, = span{by., : k € K,}.

Multivariate extended B-splines (EB-splines) introduced by Hoéllig et al
[15, 14] form a stable basis of a subspace of B[, which is sufficiently large to
provide full approximation power. For the sake of completeness, we briefly
recall here the construction. The basic idea is to adjoin the splines with small
support in w to those whose supports overlap significantly with w. More
precisely, the relevant B-splines are divided into two categories, namely the
inner B-splines with indices in the set

I, = {z ez 5.,; contains a grid cell Fk} ,

and the outer B-splines with indices in J,, := K, \ I,,. A grid cell T'; is called
inner grid cell if it is entirely contained in w, i.e., I'y = I'y, . The EB-splines
B,; : w — R are linear combinations of the inner B-splines b; with outer
B-splines,

Bw,i = bz|w + Z ei,jbj\wa 1 E Iw.

J€Jw

The weights e; ;, called extension coefficients, are given by
€ij = ADij-

9



Here, )} is the de Boor-Fix functional (see below) corresponding to the B-
spline b;, and p; ; is the polynomial in P" that agrees with 0; on the inner
grid cell “closest” in a sense to the center of the support of b;, see [15, 14].
The support of B, ; is denoted by S, ;, and the relation

Sw,i - Sw,i

accounts for the 'E’ in EB-splines. By construction, each support S, ; con-
tains at least one inner grid cell. Below, I', denotes one of these inner grid

cells,
I C Suiy 1€, (3)

The choice of I'} is arbitrary in the sense that it does not affect the qualitative
form of our estimates. However, in applications, an appropriate choice might
yield quantitative improvement.

The space B of extended splines on w is spanned by the set of EB-splines,

B :=span{B,;:i € l,} C B..

It is important to note that B} includes the space of all polynomials of
coordinate order n on w,

P" C B. (4)
Collecting all EB-splines in a column vector B, := [B, ]icr, and a sequence
of real control points in a row vector a,, := [a;];c;,, extended splines can be

written as
a,B, =Y a;B,; € BL.
i€l
Both for local domains w € Wj. and for the global domain €2, EB-splines are
bounded in the following way:

Lemma 3.1 Forw € WiU{Q}, the size of the support of EB-splines satisfies
h <180 < h, i€l

The extension coefficients are bounded by

> el 1, i€, (5)

JE€Jw

Proof:  Clearly, |S,;| > h/o. In the local case w € W, we have |S, ;| <
rh by definition of Wj. The bound on the extension coefficients can be
established as follows: By affine invariance of the EB-splines construction,
we may assume h = 1 without loss of generality. The extension coefficients

10



depend continuously on a finite number of knots so that boundedness is
implied by a compactness argument. In the global case w = €, the proof
follows immediately by specializing the arguments in [14] to the case of knot
sequences with bounded distortion. O

We note that the constants hidden in the inequalities of the lemma depend
crucially on r when w € Wy, and on p when w = Q.

The next lemma summarizes the key stability properties of EB-splines:
Up to a normalization factor, they are uniformly stable with respect to p-
norms, and satisfy a Bernstein-type inequality.

Lemma 3.2 For any set w € Wi U {Q}, any sequence a,, of control points,
and any m < n,

W awllp < lawBoll o) < h (6)
lawBulwy @) < W77 aul- (7)

Proof: The estimate (6) is an immediate consequence of Theorem 9 in [14].
To prove (7), we only consider the case p < oo, which is slightly more involved
than p = oco. Let

Iyi={i€l,: T, xNS,;#0}
K, = {/{7 €K, : Fw,k N Sw,i 7é (Z)}a

and a* := [a;];cr,. First, the number of indices in I, is #I; = n? so that
lak|li < n%?'||a*||,. Second, it is known that |’b](€a)HLoo(Rd) < h7lel for any
k € Z and any multi-index o with |a| = m. Hence, by (5),

1B || po@ay < h71, i€ L.
Third, the volume of ', is bounded by vol(T,, ) < h?. Together, we obtain
law BE | o(r, ) < 1 vol(Ty ) VP la¥ [l < P10l

Therefore,

By = 0|30 @Bl

kezd i€ly

< pi-lalp Z Z |a P = pd-lalp Z Z | s

kezd i€y, i€l, keK;

< pd-lolp Z #K; |ay,|P.

i€l

p
Lp(Fw,k)

p

11



By Lemma 3.1, the side lengths of supports are bounded by S, ; < h, while
the side lengths of grid cells are bounded by I}, > h/p. Hence, we obtain
#K; < 1, and the proof is complete. a

We define the de Boor-Fiz functionals A\ corresponding to global EB-
splines Bq as follows: For a sufficiently smooth function f, let

Nfi= Y (=il (o) f@) (€ T, (8)

lalloo<n

Here, 1;(x) == ¢ (2) - - - ypf(a),

n—1
L L 1 L L
vi(at) == ] H(tiurz — '),
n—1—a:=nm-1—-aj,....,n—1—ay), and 7; is an arbitrary point in

the interior of sq;. These functionals are bi-orthogonal to standard tensor
product B-splines [2, Lemma IX.1], and hence also to EB-splines,

)\jBQk = 6i,k7 i, ke Iq.

While being useful for many theoretical purposes, the de Boor-Fix func-
tionals are of limited use in practice since they are only applicable to func-
tions which are, at least locally, continuously differentiable up to order (n —
1,...,n —1). This limitation can be overcome, for instance, by prepend-
ing an approximating polynomial, such as the average Taylor polynomial
[3], before applying \f. Here, we suggest a different process: Since tensor-
product polynomials are reproduced by EB-splines, it is natural, and indeed
computationally more efficient to use the L?-projection of f to the space of
polynomials P" as an intermediate approximation.

More precisely, let p’, denote the normalized tensor product Legendre
polynomials of degree v € N& on the inner grid cell I, C Sq,

/ pzaplﬁ = 5a,6, CY,B € Ng, 1 € IQ
r;

Then the local L*-projection operators £; : L'(T"}) — P" are given by

Lif= Y (/F(péf>p2, i€ Io.

llafleo<n

We assume that the points 7; in (8) satisfy 7, € I'}, i € I, and define the
functionals \; : L'(I"})) — R by

=N = [ mf b= YD i e P

T oo <n

12



For any function f € L*(Q), we set \i(f) := Xi(fir).
Besides being applicable to functions which are barely integrable, these
functionals have the following properties:

Lemma 3.3 The functionals \; are biorthogonal to EB-splines,
)\Z'BQJC = 5i,k> i, ke IQ. (9)

Further, they reproduce polynomials according to

Z(}\iﬂ')BQ,i =7 forany weP". (10)
i€lq
and are bounded on LP(I'}) by
NS < B f Loy (11)

Proof:  Clearly, \im = A(L;m) = A\ for any 7 € P*. Hence, \;Bqy =
Ai(Bagr,) = Aj(Bakr,) = ik, which proves (9). By (4), @ = aqBq for

certain coefficients aq, and hence

Z(AZ‘GQBQ)BQ@‘ = Z a;Bq; = .

i€l i€lg

The estimate (11) is invariant under scaling and shifting knots. Hence, we
may assume [, = [0,1]¢ without loss of generality. The number of knots
influencing the polynomial p; is at most (n — 1)¢ and, by boundedness of
the distortion, they all lie in the compact set [—no, no]¢. Hence, since p; is
depending continuously on these knots, ||p;|| 'y <L and (11) follows from
Holder’s inequality. O

4 Two-stage methods

Let P : F(w;) — LP(I), i € Iqg, be a sequence of local approximation
operators, where I'; C Sq; as in (3), each local domain w; € W;. satisfies
I C w;, and F(w;) C L'(w;) is a suitable function space. Thus, beforehand,
we assume essentially nothing but that each local approximation Pi(fl.,),
i € I, is LP-integrable on the inner grid cell I} C Sq ;. Keeping in mind
that the operator P, must not make use of function values outside the local
domain w;, we write P;f or P;(f)instead if P(fi,,) to simplify notation.

A two-stage method for EB-spline approximation proceeds as follows:
First, the local approximations P;(f) are determined. Second, a correspond-
ing extended spline is computed by applying suitable dual functionals, for
example \; defined in Section 3, to P;(f).

13



Definition 4.1 The two-stage method P corresponding to the local approx-
imation operators |Plicr, is defined by

Pfi= (A\Pifu))Bos (12)

ielq

The functionals A\; used here could be replaced by any sequence of functionals
corresponding to a quasi-interpolant of order n, like the de Boor-Fix function-
als A\7. However, our special choice guarantees a wide range of applicability
by assuming low regularity of f and P;(f), and the results and arguments
are prototypical.

Now, we are going to derive estimates on the error of the spline approxi-
mation

A:=f-Pf
from the errors of the local approximations
Z&i::: f __}%jy (S IQ-
For the sake of convenience, we introduce the notations
» \ /P
Bip = Aillrays Doy = Bigherns 1800, = (D 4A2,)
i€ln

We show that the Sobolev error of a two-stage method can be split into two
terms, one of which is similar to the O(h™™)-error of the best approximation
by EB-splines, and the second one that depends on the local errors A;.

Theorem 4.2 For any function f € W](Q), the error A = f — Pf is
bounded by

Alwm) < A" ([ flwe@) + " Agpllp), m<n. (13)

The proof is postponed until after Theorem 4.3 that gives a local error bound.

According to Lemma 3.1 there exists a constant ¢ > 0 depending only on
the fixed parameters n, d, p, §2, o such that |Sq;| < ch for all i € I. In the
following, we assume that the grid width A is sufficiently small,

h <:h0' 0

<hoi= (14)

For any o € WT, let



where Io[o] denotes the set of indices corresponding to EB-splines not van-
ishing on o,
[Q[U] = {Z elg: SQJ‘ No 75 @}

Since |Sq;| < ch, we have

J
Iv] < |o| + 2 max [Sq;| < (r+2c)h < —=.
iEIQ[O’]

2V/d

Thus, by Lemma 2.3, there exists a graph-bounded set v* with scaling factor
Vd|y| < Vd(r 4 2¢)h such that ¢ C v C 4* C . Lemma 2.2 guarantees

|f = Tlwoiy S B flwos, m<n, (15)

for any function f € W}'(y*) and a suitable 7 € P". Note that the size of v*
is bounded by
YV < (d+ 1| < 2d(r + 2c)h < b, (16)

Theorem 4.3 Let o be any local subset of 2 and ~v* the corresponding graph-
bounded set as defined above. Then

Alwge) < B (| lwp e +A77 B Dip), m<m, (17)

for any function f € W} (v*).

Proof: Let m € P™ be the polynomial approximating f on +* according to
Lemma 2.2, and set € := f — m. Reproduction of polynomials according to
(10) leads to the representation

A=c¢c— Z(Aia)Bg,i + Z(/\iAi)BQ’i

i€lq ielq

of the error. Hence, for m < n and p < oo, the Bernstein inequality (7),

applied to Zigﬂ[o]()\is)Bm and Zielﬂ[a]()\iAi)Bm, yields
d/p—m P p e
|Alw o) X lelwm@) + R (( Z | Aigl ) + ( Z RYAY) > )
ZEIQ iEIQ[O‘]

The number of indices in Ig[o] is bounded by #1q[o] < (ro+n)? < 1. Hence,
by equivalence of norms on R#/2l7l we obtain the estimate

|Alwgo) < lelwy @) +hY77( Joax el + max [AA),
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which is also valid for p = co. We obtain using (11)

A m(q % 13 m(qg h_m g p(T’ Al D / .
[Bligio) < el 07 (e Iellrey + s 18l areey)

Since I, C 4* for all i € Ig[o], the desired estimate follows from (15). The
case p = oo can be proven in a similar way. O

We are now ready to prove our estimate for the global error.

Proof of Theorem 4.2: We only consider the case p < oo as it is slightly
more difficult than p = oo. We use the restricted grid cells as local subsets,
o :=Tar € Wy, and write

P . P
A = D 18R o)
k

By Theorem 4.3 and the equivalence of norms,

p (n—m) p -n p
‘A’ I;”(Q) # h p<z |f| Izn(,yz) + h P max Ai,p) .
k

el X
A i€lnfok]

Since I'gx C 75 and || < 2d(r + 2¢)h, see (16), the number of sets ~;
containing any given point x € () is bounded by some constant. Equally,
the number of times every term Aﬁ »» U € Ig, appears in the second sum is
bounded by another constant. Hence,

Al = h(n_m)p<|f rpiy +H Agﬁ) )
i€ln

and the claim follows by the equivalence of norms, again. a

Remark 4.4 As mentioned before, the dual functionals A; in the definition
of the two-stage method P could be replaced by other families of functionals,
and in particular by the de Boor-Fix functionals A;. These functionals can
be applied if P;f is sufficiently smooth. Using similar arguments as above,
one can show the error bounds

Al <hnfm< . h*n+‘a| A(a) i )
| Al o) !flwm(9)+rigé}é< > 1A (7)),

llatlloo <n

if f€Wn(Q), and

Ao < B (flwgey + a5 A (7)),
[l <re
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if f € WZ(v*), analogous to (13) and (17), respectively. Recall that 7; are
arbitrarily chosen points in the interiors of sq;. This freedom can be used
to obtain particularly local error bounds. For example, assume that x € ()
lies in an inner grid cell I'q x, and o, C I'q is any open cube centered at x.
Then we may choose 7 := o, as enclosing graph-bounded set. Further, it is
possible to choose 7; = x,i € Ig[o,], to obtain

A ()] = hnfm( " (0p) + Max Wl | AR (2 >
A ()] Flwzeon Mnazm A @)

Now, we consider two-stage methods with additional properties. Recall-
ing the bound (14) on the grid width h, we note that the local domains
w; € W7 used to define the local approximation operators P; are bounded by
lw;| < rh < 6/(2/d). The enclosing graph-bounded domains corresponding
to the w; according to Lemma 2.3 are denoted by w}, 7 € Iq.

Definition 4.5 A two-stage method P is said to be of type (n,p) if
e the local approrimation operators reproduce polynomials according to
P(r)=m
for alli € I and m € P", and

o there exists v, > 1 such that

IP(f) = P oy < vp (I = gllzon +B"|f = glwpen)
foralli € Ig and f,g € W} (w;).

Note that v, is just a bound on the Lipschitz constants of the operators
P W) (w;) — LP(I) with respect to suitably weighted Sobolev norms. For
sequences of linear operators, as they are typically used in practice, v, is a
bound on the norms of the operators P; in the appropriate function spaces.
In particular, the stronger condition

1B Flloesy < vpll Fll o eon (18)

implies (n, p)-type if P; are linear operators.

For a two-stage method of type (n,p) the estimates of Theorems 4.2 and
4.3 simplify as follows:
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Theorem 4.6 Consider a two-stage method of type (n,p). For any local
subset o C §Q there is a graph-bounded set & containing o, with |G| < h, such
that the approximation error A := f — Pf o is bounded by

|Alwm@o) < """ | flwr@e), m<n, (19)
for any function f € W} (c). Moreover,

|Alwm@) < b | flwn@, m<n, (20)
for any function f € W] ().

Proof: For a fixed 7, let m be the polynomial approximating f on w; according
to Lemma 2.3. By reproduction of polynomials,

Ay =(f—m) —(P(f)— P(r)) on Tj.
Hence, with ¢ := f — m, the (n, p)-type and Lemma 2.3 yield

Aip < elleey + I1B:(f) = Pi(m) || oy
< llellznary + v (llellznn + h"elwpn)
< (14 ) (llellnny + W Elwpn)
< V" flwn -

Substituting this estimate into (17) leads to (19), where

o= <0U U wi>*

i€lq [0’]

is obtained according to Lemma 2.3. Similarly, the global bound (20) follows
by substituting the above estimate into (13) and using the fact that the
number of sets w}, i € I, containing any point z € (2 is bounded by a
constant. O

5 Local least squares

In this section, we discuss approximation properties of two-stage methods
(12) based on quasi-interpolation with EB-splines Bq for the second stage,
and least squares fits P;(f,,) with EB-splines associated with certain local
sets w; for the first stage.

In general, local least squares fits P;(f.,) can be obtained with the help
of various approximation tools, such as polynomials or radial basis functions,
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see e.g. [7, 5]. In this paper we study local approximations from 9B}, , which
has the big computational advantage that in this case the value of the dual
functional \;(P;(f|.,)) needed to form P f coincides with the coefficient a; of
the i-th local EB-spline in the expansion P;(f.,) = aw, B, € B,. Indeed,
this follows from the fact that, since I, C w;, the functional \; satisfies
NiBy, = 0,y for all k € I,,, see Lemma 3.3. Hence, as soon as all local
approximations have been computed, the control points of the two-stage fit
P f are obtained in no time by utilising appropriate coefficients of the local
spline approximants. Note that methods with similar advantages have been
discussed in [18, 7, 20, 17] in the context of different spline spaces.

5.1 Continuous least squares

We start with considering local approximation in the L2-sense. As before,
let w; € Wi, i € I, denote the local domains used to define the two-stage
method P, and let I"; denote the corresponding inner grid cells. It is impor-
tant to note that, in general, B} ¢ By since the local rules for attaching
outer to inner B-splines may differ from the global ones. Now, we define the
operator

P : LY(w;) o f + G, B, € B,

via the Gramian system édﬂ, — F, where

Gk ::/ Ba, i Bon s Fj::/ Bu.if, j. k€L, (21)

By Lemma 3.1, |S,, ;| »= h, while |w;| < h. Hence, the dimension of the
Gramian system is bounded by some constant, #1,, < 1. Clearly, if f €
L?(w;), then P;f is the best L?-approximation of f in B[,

If = Pifllray = inf [1f = sllez-

s€BY,

It is easy to see that the two-stage method P corresponding to the local
operators P;, 1 € I, has all desired properties.

Theorem 5.1 For any p € [1,00|, the two-stage method P is of type (n, p),
and v, <X 1.

Proof: Clearly, P reproduces polynomials of order n. Since P, is linear, it
suffices to show that

1P flloy < N Fllzoen, @ € Ia,
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for any f € LP(w;). That is, the constant v, depends only on the default
parameters. Let us fix i € Ig and drop the index i of w = w; to simplify
notation. Using (6) for p = 2, the smallest eigenvalue S\min of G can be
estimated from below by means of the Rayleigh quotient of G and Lemma 3.2,

~ 2
< . (a,G,ay) - NawBolliew 4

Apip = Min ————+ = min —— = = h%. 22
w0 ald o w0 el T 2

As shown above, the dimension of GN is bounded by a constant. Hence, by
equivalence of norms, the inverse of GG is bounded by

G, < 16 2 = A

min

< h™ %

Using Holder’s inequality and (6), we see that the components of F are
bounded by

5| S 1Bl ot @ I Loy < RPN f Lo

Consequently, [, < |G, 1 Fll, < b7 fl|1s(), and, using (6) again,

1B fll oy < NldwBulleey < 1l orew):

O

Lemma 3.2 also yields the bound :\maX < h% on the maximal eigenvalue

of G, implying that the condition number is bounded uniformly in h, i.c.,

condy G = S\max / S\min < 1. Hence, the linear two-stage method P combines
optimal error bounds with numerical stability.

5.2 Discrete least squares on scattered data

While the desired properties of continuous least squares fits depends on noth-
ing but our assumptions on the shape of €2 and upper bounds on the grid
width, the distortion, and the size of local domains, scattered data problems
require more care. For instance, as shown in the introduction, problems may
occur near the boundary and for unevenly distributed data.

Let = := {&}, be a finite set of data sites & € 2, and let f, := f(&) be
the corresponding values sampled from some function f € C°(£2). Assuming
continuity is necessary to make sure that point evaluation is well defined. A
straightforward approach to constructing local operators P; is to compute a
discrete least squares fit of the data (&, f;) in Sq,; or, more generally, in a
local domain w; € Wi containing the inner grid cell I',. Clearly, if no further
assumptions on the data density and distribution are made, the sets w; have
to be carefully chosen to ensure that the data sites in =, := =N w; provide
sufficient information to compute reasonable local approximations P;f on I'.
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Assuming that Z,, := ENw; is a total set for B, ie., s € B and

Sz, = 0 implies s = 0, the local discrete least squares fit P;, can be defined
uniquely by

I = Pif), o = min 107 = ) o

This defines the operator P; : C%(w;) — L>®(I"}) for each i € Io. Clearly,
the corresponding two-stage method P is of type (n, o) if the norms ||,
1 € Iq, of the above operators are uniformly bounded. In general, this will
not be the case.

If the scattered data = are too sparse, it may be impossible to find w; such
that =, is a total set for B[, and even if =, is a total set, it may happen
that the local data sites are ill-distributed such that the norms || P;|| cannot be
bounded. To handle such data with a two-stage method, more complicated
adaptive algorithms may be applied. In particular, the methodology of [4, 7]
can be adopted, such that ||| is estimated using the minimum singular
value of the collocation matrix obtained by evaluating the local EB-splines
at the data sites. We leave the development of such algorithms for future
research.

However, to begin with, we show the boundedness of |7 under two
additional assumptions: sufficient density of the data and boundedness of
the number of the data sites in each spline cell. As usual, the density of a
subset X C Y C R? is measured by the fill distance

fd(X,Y) = maxmin [lz — y]l,.

Since s|r/ is a polynomial, by Markov inequality there exists a constant j3
depending only on n and d (e.g., 8 = 2(n — 1)?>v/d), such that

max IVs(y)|l2 < gHSHLoo(F/_), for all s € By, i € Iq. (23)
yel; ‘

Theorem 5.2 Assume that
e the data sites = are sufficiently dense in 1", in the sense that
fA(ZNTL T < h/(26), i€ g, (24)
and

o the mazimum number of data sites in each spline cell is bounded by a
constant s,
max #(=ZNT) < s (25)

kezd
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Then P is a two-stage method of type (n,00) with Ve < /7.

Proof: As soon as the data are sufficiently dense to ensure that =,, is a total
set for B}, || ]| can be estimated as p; < || B|| < \/#E., pi, where

pPi ‘= max{”s“,;oo(p;): S &€ eBZZ_, ||S‘EwiHOO S 1}

see [4, Proof of Theorem 2.1]. It is easy to see that =, is a total set if and
only if p; < co. Since |w;| < rh, the number of cells T’y satisfying =, NIy, # ()
is bounded by a constant. Hence, by (25), we have #Z=,, < s, which implies

1P < v/ pi

To find a bound for p;, we apply the techniques introduced in [16], see also
24, Proof of Theorem 3.8]. For s € B, with [[sjz, [lc <1, let z € I} be a
point with the property |s(z)| = ||s|[z ). It follows from (24) that there is
a data point £ € =N TY% C E,, such that ||z — |2 < h/(28). Hence, using
(23) we obtain

1
[5(z) = s()] < max |[Vs(y)llaflz = &lla < G s>y

Thus,

1 1
12 [s()] 2 |s(@)] = [s(z) = s(E)] = lIsllzewy = Fllsllzeqy = Fllsll=qp.

and so ||s||zes(r7y < 2, which shows that p; < 2. O

It is easy to see that conditions (24) and (25) are compatible. For exam-
ple, (24) is satisfied if = is a uniform grid with side length h/(8+v/d). In this
case (25) holds true with » = (8v/d)?. Note that the numerical values for
2 resulting from these estimates, e.g. 1296 for the above grid in case d = 2,
n = 4, have little practical importance as they are very pessimistic. Indeed,
our numerical results below show that the method described in this section
(with d = 2, n = 4, r = 14) performs very well for random data with just
four data points per cell on average.

Condition (25) may seem counterintuitive because it suggests that in
some circumstances the availability of additional data may be harmful. In
fact, a close inspection of the error bounds for global discrete least squares
from spline spaces with stable bases given in [10, 11] reveals that they also
depend on the maximum number ¢ of data sites in the spline cells. A similar
phenomenon has been discussed in [19] for the moving least squares approx-
imations. The following example shows that this is a genuine phenomenon
and in general, the approximation error, and hence the norm of the discrete
least squares operator, can indeed become arbitrarily large as the number of
data sites is growing.
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Example 5.3 Consider the bivariate grid with cells (—%, 2)? + hZ?. Then

I = (-2,5)2 c w c R is a grid cell for the space B2 and f(z,y) =
1 — 22 — y?. Choose a constant k& > 2 and consider the set of data sites
= = Z1 UZ,, where =Z; := %Z2 N w, and Z, is a finite subset of the circle

segment

o:={(z,y) € [-L L1 f(z,y) = s(z,y) == kha + 1 — h*/4}

(see Figure 2(a)), defined as follows. Set r := ||fiz, — sz, |2, and choose a
positive integer N such that § := r/v/N < h?/72. Then Z, := {& = (x4, %) :
i = —3N,...,3N}, where y; = g—]@ and x; is uniquely determined from the
condition & € 0. Let s* € B2 be the discrete least squares approximation to

f with respect to the data sites in =. We claim that

) kh?
If — 8[| ooy > oL (26)

As k can be chosen arbitrarily large, the approximation error is not O(h?).

Proof of (26): In view of s, = f|,, we have || fiz — s;z||» = 7. Since s belongs
to B2, this implies || fiz — sigll2 < 7. It follows that there exists i; with
2N <i; <3N, such that [f(&,) — s*(&,)| < 0 and |f(&-;,) — s*(€-4,)| < 0.
By a simple calculation we have |f(&;,)| = |f(£2:,)| < f(&n) < 1 — h%)/9.
Hence max{s*(&;,),s*(-,)} < 1= h*/9+ 6 < 1 —7h?/72. Since s is
linear along the line z = z;, = z_;,, it follows that s*(z;,,0) < 1 — 7h?/72.
Similarly, there exists iy with 0 < iy < N, such that |f(&;,) —s*(&,)| < § and
|f(&iy) —s*(€-4,)| < 6, and as in the above it is easy to see that s*(x;,,0) >
min{s*(§;,), s*(€-i;)} > 1 — h?/16. Since sy is linear along the line y = 0,
and |z;, — x;,| < h/(4k), we conclude that the slope of this linear function
is at least kh/12. Therefore, s*(%,0) — s*(x;,,0) > (2k — 1)h*/48, and we
deduce that s*(%,0) — f(%,0) = [s*(2,0) — s*(z4,,0)] + 5™ (24, 0) — f(£,0) >
(2k — 1)h*/48 + (1 — h*/16) — (1 — h*/4) > kh*/24, and (26) follows. O

The bad errors are clearly caused by the fact that too many data sites
are lying on the intersection curve of f with its poor approximation s € B2.
Clearly, (26) remains valid if B2 is replaced by B". Note that the density
assumption (24) is satisfied in the above example as fd(ZN1T') = h/(28),
with 8 = 2v/2 in (23) for n = 2. Moreover, it is not difficult to see that
k = /s if w is a local domain, which shows that the estimate v, < />
in Theorem 5.2 cannot be improved. The example also applies to the global
least squares (w = (), in which case however » = k*/h*. The estimate
| f—5*|| Lee(r) = /7¢h? is obtained for the global least squares if the example is
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modified as follows: Replace f by the expansion of fr as a linear combination
of 9 biquadratic B-splines whose supports contain I', and, similarly, replace
s by the spline in B that interpolates s at the corners of I' and vanishes at
all other knots.

Precaution needs to be taken to avoid the effects demonstrated by this
example. A simple remedy is to perform data thinning by removing “extra-
neous” data points while maintaining their sufficient density to guarantee the
same approximation order of the method P. For example, assume for sim-
plicity that €2 is a d-dimensional cube and replace (24) by a stronger bound
on the fill distance, fd(ENTY,T%) < h/(28Vd), i € Iq. If we now choose in
a uniform d-dimensional grid with side length ¢ < h/(28v/d), then every cell
of this grid will contain at least one data point. By selecting a single point in
each cell, and discarding all points of = that have not been selected for any
cell, we arrive at the thinned data =’ satisfying (24). Moreover, the number
of points of Z' lying in a single spline cell I'; is bounded by (h/e)?, which
shows that (25) is satisfied for = with s close to (28v/d)?. Alternatively,
thinning may be performed in the local approximation stage (i.e. effectively
built into the local operators P;) as described e.g. in [7].

If certain subregions of ) are populated by significantly denser data,
and higher approximation quality is required there, then hierarchical spline
techniques [9] are more appropriate than data thinning. However, an analysis
of hierarchical spline methods is beyond the scope of this paper.

5.3 Weighted discrete least squares

In this section, we develop an alternative framework based on a suitably
weighted discrete least squares fit. It leads to a two-stage method P of
type (n,p) for any p > d/n with uniform bound v, < 1, independent of the
number or distribution of data sites provided that the data are sufficiently
dense. Since p > d/n, Sobolev embedding theorem guarantees that every
f € W7(Q) can be changed on a set of measure zero to become a continuous
function. Therefore the point evaluation is well defined for any f € W' (€2).
We first group data as follows: given an integer p > 2, we define the
sequences U' by piecewise uniform refinement of the knot sequences T*,

W =t I (€Z, m=0,.. . p—1, 1=1,....d.
L

The corresponding subcells are denoted by

W= [ U)X X U, uflay,), ke ZY
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In this way, always u? subcells of equal size form a disjoint union of the
grid cells. For all k € Z%, the side lengths of 7;, are bounded from above by
h, == h/p, and from below by h,/o. A

To compute a local approximation P, f, we select a subset =; C = of data
sites such that

2| < (r—2/p)h and T Cw,;:= U Ve, (27)

£eE;

where 7¢ denotes the subcell containing the point £. This is possible if the
data are sufficiently dense in the sense that every subcell in the inner grid
cell I'; contains at least one data site. This is guaranteed, for example, when
fd(=nTy,I') < h,/o. We remark that @; is not required to be a subset of Q.
However, w; := w; N2 is a local domain since |w;| < |&;] < |Z;] + 2k, < hr.

Suitable local approximation schemes can be obtained by solving weighted
discrete least squares problems. For a fixed i € I, we define the weight d(&)
as the quotient of the volume of 7¢ and the number of data sites in g,

o vol(~e)
1) = FEne

Abbreviating w := w; and w := w;, we define the operator
pi : Co(w) = f — a, B € eBg

via the normal equation Gag = F', where

Gik =) Boj(O)Box(€)d(), Fyi= Bo()f(&)d(©), j.k€ L.

L€Ei ¢es;
That is, the spline ag B, is minimizing the weighted error
~ 2 .
> (awBs(€) — £(£))”d(§) — min
£eE;

at the data sites in =;. Of course, in applications, a; can be determined
numerically by more suitable methods, such as QR-factorisation, rather than
resorting to the normal equation.

The case p = 0o is considered first.

Theorem 5.4 For sufficiently large p, let condition (27) be satisfied for all
@ € Ig. Then the local operators P, i € Io, are well defined, and the corre-
sponding two-stage method P is of type (n,00) with Vs < 1.
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Proof:  Clearly, P reproduces polynomials of order n as soon as the matrix
G is nonsingular, which will be shown below under the assumption that y is
sufficiently large. Since P; is linear, it suffices to show that

1P fllzey < 1 fllew),  f € Cow),

for all © € I, where we drop the index 7 of w;, again.

Let G be the Gramian matrix of continuous least squares, as defined in
(21), for the set w. We have I, C @ and |[0| < rh. Hence, following the
arguments used in the proof of Theorem 5.1, we conclude that the smallest
eigenvalue of G is bounded from below by )\mm = he,

Next, we show that G, as a small perturbation of G, inherits this property
of the smallest eigenvalue. For a suitable set L C Z< of indices, the local
domain @ can be written as the disjoint union @ = |J,c, v, of subcells.
Abbreviating b := B, ;B and Z; ¢ := =Z; N 7, we have

G~ Gua= Y0 ( [ = 3 b(d(e)).
leL e €85

For a fixed ¢, all points in the inner sum have the same weight d(§) =
vol(7e)/#{Zi N7e}. Since b is continuous on the connected set v,, the inter-
mediate value theorem implies existence of a point 7, € v, with

b(ne) = Z
{“_‘Z m 7&} geH.
Hence, by the mean value theorem,

5>‘ =/ (- b(m))‘ < hu|b\wgo(w)/ 1.

EEE; e e

b_

By (7), the gradient of b is bounded by bl (,,) < h™" so that

~ vol(w) hd
|G2k - zk| h Z/ .

el K H

#1,, is bounded by a constant, implying that HG — G|y < h%/p. Since G, G
are symmetric, the smallest eigenvalue A, of G satisfies

D‘min - m1n| < HG GH2 hd/ﬂv
which together with :\min = h? implies

5\rnin Z 5\min/2 % hd
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provided that y is large enough.

In particular, G is invertible, saying that P; is well defined. Further,
|G| < h™? follows as in the proof of Theorem 5.1. The components of
F' are bounded by

E51 <0 >0 IBIONFEIAE) < 1l Y vol(re) < 7 fllz=w)

¢eL £€5;, teL
Hence, [|as]loc < |G ool Flloo < [1fll 2w, and by (6),

[P flpoeryy < llaaBalle@) < llaslloo <[ fllzee ),

as requested. O

Results for the case d/n < p < oo can be derived if the sets Z; of data
sites used for the local approximation are chosen such that |=;| < (r—2/u)h,
as before, but now

I Cuwi=JrecQ (28)

EEE;

That is, data sites whose neighborhood ~¢ is not contained in the domain €2
are discarded.

Theorem 5.5 Let p > d/n. For sufficiently large p, let condition (28) be
satisfied for all i € lg. Then the local operators Py, i € Iq, are well defined,
and the corresponding two-stage method P is of type (n,p) with v, < 1

Proof: 'The properties of G derived in the preceding proof are valid also here.
In particular, by the equivalence of norms, ||G7!||, < h™¢ for p sufficiently

large. The components of F' are bounded by

51 < D0 Y IBEINF@IAE) < Y vol(y) Il < By D Il

(el €5, el teL

The side lengths of the subcells v, lie between h, /o and h,. Hence, transfer-
ring the Sobolev inequality

1|y < W flleoy + | flwpaw,  w:=1[0,1)9,

from the unit cube u to 7, by scaling, we see that

£y < PP (1 F o) + 2L Iwscan)) -
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The number #L of subcells v, forming w is bounded by #L < p¢. Hence,
by Holder’s inequality, the 1-norm and the p-norm in R#% are related by

|- lli < u¥?|| - ||,, and we conclude
]ﬁ" < p/p’ Z [Fdlks e +hn Z Kk /p
IS i LP(ve) 2 (ve)
teL el

<A (| flleow) + B flwpe)-
Hence, ||yl < IG7 ol Fllp < B2 (|| £l o) + 5" fIwp(w)) - Finally, by (6),

15 fllzorry < llawBullzrw) < 1 fllze@w) + A" flwn ),

and the proof is complete. O

Note that the inequality ||P;f| o) X || fllzr(wy does not hold in general,
and so we genuinely need here the second part of Definition 4.5 rather than
the stronger condition (18) used in Theorems 5.1, 5.2 and 5.4.

6 Numerical Results

The focus of this work is on analytical issues, but we want to complement
our results by a brief numerical study of a scattered data problem. It is
neither comprehensive nor inspired by a real application, but just intended
to support our theoretical findings and, in particular, to illustrate the superior
performance of extended B-splines over the standard form.

The domain €2 is a sector with angle 47/3 and radius 4, centered at the
origin, see Fig. 3(a). Knot grids T = [T',T?] are equidistant with 7" =
T? = h(Z + 1/2) and h ranging between 1 and 1/64. Given h, the data sites
= are obtained as follows: First, a randomized set of points is chosen such
that, on average, every grid cell contains four points. Second, so far empty
subcells are filled with additional random points to make sure that every
subcell contains at least one data point. The data values are sampled from
the function f(z,y) = sinx - siny. We compare three variants on bicubic
spline approximation, i.e., n = 4:

e Standard: A global discrete least squares fit is computed for standard
tensor product B-splines.

o Fxtended: A global discrete least squares fit is computed for extended
tensor product B-splines.
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(a) Domain, grid, and data sites for h = .5 (b) Error for two-stage approximation

Figure 3: Model problem for scattered data approximation.

e Two-stage: A two-stage approximation is computed based on a local
weighted discrete least squares fit with extended tensor product B-
splines. The parameter p, as introduced in Section 5.3, is set to u = 2,
and the local domains w; according to Definition 4.1 are

Ww; = Qn [t11176’t111+8] X e X [tzdd—67t?d+8]’ 1 € Ig.

Fig. 3(b) shows the error of the two-stage approximation with bicubic
EB-splines. Thanks to the stability of the basis, the errors in the interior
and near the boundary are of comparable size.

Fig. 4 and Table 1 present numerical results, where the maximum, re-
spectively, mean errors are estimated by evaluation on a fine 800 x 800 grid.
The partially large errors of standard B-spline approximation indicate the
corruptive effect of straying coefficients of outer B-splines. By contrast, both
local and global approximation with extended B-splines show the predicted
behavior with the optimal order O(h*) of convergence. We note that the re-
sults of local and global approximation are so close that they can be hardly
distinguished in the plot.
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