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Abstract

We present a construction of nested spaces of C? macro-elements of degree 5
on triangulations of a polygonal domain obtained by uniform refinements of an
initial triangulation and a Powell-Sabin-12 split.

1 Introduction

A sequence of piecewise polynomial spaces Sy, S1,...,Sy,... with respect to triangu-
lations Ay, Aq,...,A,,... of a domain Q C R? is said to be nested if S, C S, for
all n = 0,1,.... Nested spaces of smooth piecewise polynomials (splines) are used in

multilevel algorithms for surface compression [7, 9], nonlinear approximation [2, 4] and
preconditioning of spline based finite element system matrices [1, 6, 10].

If the triangulations A,, are obtained by successive refinements of a starting trian-
gulation Ay, then the spaces S, = Sj5(A,,) of all C" splines of degree at most d are
nested. However, these spaces are known to possess stable local bases important for
application only if d is relatively large, d > 3r + 2, see [5]. Therefore much attention is
paid to the macro-element spaces [8, Chapter 6] whose degree can be kept much lower
at the expense of requiring that A,, is obtained from a general triangulation by splitting
each triangle into subtriangles by various methods such as Clough-Tocher split, Powell-
Sabin-6 or Powell-Sabin-12 split. Some C* macro-elements, such as piecewise quadratic
Powell-Sabin-12 element or cubic Fraeijs de Veubeke-Sanders element, are refinable in
the sense that nested spline spaces with stable local bases can be constructed with their
help. However, refinable macro-elements of higher smoothness have not been known.

In this paper we propose the first construction of refinable C? macro-elements, whose
degree 5 is substantially lower than degree 8 of the splines of [5] and degree 9 of the
refinable C? spline spaces with stable dimension suggested in [3]. On a single macro-
triangle our spaces coincide with the C? quintic macro-element of [11], although we
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obtain a simpler description of it (important for nestedness) in the case when the central
point of the Powell-Sabin-12 split is placed at the barycentre of the macro-triangle. The
nestedness of the spaces is achieved as in [3] by relaxing the C® smoothness conditions
at the vertices of macro-triangles, which allows to break the ‘super-smoothness disks’ at
the vertices into half-disks. The proposed macro-elements are easy to implement in the
framework of the Bernstein-Bézier techniques because we provide explicit formulas for all
B-coefficients which are not computed directly by the standard smoothness conditions.

The paper is organised as follows. In Section 2 we recall the basics of the Bernstein-
Bézier techniques used throughout the paper. Sections 3 and 4 are devoted to the
construction of nested spaces and stable minimal determining sets (leading to a stable
local basis), as well as the proofs of the main results, whereas Section 5 provides a nodal
minimal determining set and error bounds for the corresponding Hermite interpolation
operator.

2 Bernstein-Bézier techniques

We recall basic notions of the Bernstein-Bézier techniques, see [8] for details. Given a
triangle 7' := (vq, v9, v3), any bivariate polynomial p of total degree d can be uniquely

represented in the form
T,d
p= Z Cz’jkBijka (1)
i+j+k=d

where BZ’: are the Bernstein basis polynomials of degree d associated with T. We refer
to the representation (1) as the B-form of p related to T. The ¢;j;’s are called the
B-coefficients of p, and the associated set of domain points is defined by

1wy + juy + kv
Ddﬂ" = {glﬂf = ! de 3} . (2)
i+jtk=d

Given a regular triangulation A = {T;}¥, of a bounded connected polygonal domain
) C R? and a positive integer d, we define the corresponding set of domain points by

Dd,A = U Dd,T-

(Recall that a regular triangulation is such that the union of all triangles of A is
and the intersection of any pair of triangles of A either consists of a common edge or a
common vertex of both triangles or is empty.)

Let SY(A) be the space of continuous splines of degree d on A,

SUA) ={s€C%Q) 5|y, €Pyi=1,...,N},

where IP; denotes the space of all bivariate polynomials of total degree at most d. Given
s € SY(A) and T' € A, there exists a unique set of coefficients {c¢}eep, , such that

S|T: Z CgB?’d,

§€Dy,T
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and each spline in SY(A) is uniquely determined by its set of B-coefficients {c¢}eep A"

Given 0 < m < d and T := (vy,v9,v3), we say that a domain point &, is at a
distance dist(§,v1) = d — i from the vertex v; and at a distance dist(£,e;) = ¢ from
the edge e; = (vq, v3) opposite to v1. Furthermore, we refer to the set of domain points
RE(v1) = {&a-myjm—j}jeo as the ring of radius m around the vertex v;. We refer to
the set DI (v1) := ", RL (v1) as the disk of radius m around the vertex v;. The rings
and disks around vy and vz are defined similarly. If v is a vertex of A with triangles
Ti, ..., T} attached to it, then the ring and the disk of radius m around v are defined
by Rp(v) = UL, R%(v) and D,,(v) = UL, D% (v), respectively.

Suppose now that S is a linear subspace of SY(A) defined by enforcing some set of
smoothness conditions across the edges of the triangulation A. Then a determining set
for S is a subset M of the set of domain points Dy A such that if we set the B-coefficients
ce of some spline s € S to zero for all £ € M, then s = 0. If M is a determining set
for a spline space S and M has the smallest cardinality among all possible determining
sets for S, then we call M a minimal determining set (MDS) for S. It is known that
M is a MDS for S if and only if every spline s € S is uniquely determined by its set of
B-coefficients {ce}een-

An MDS M is called local provided that there is an integer ¢ such that for every & €
DyaNT and every T € A, the B-coefficient ¢ of a spline s € S is a linear combination of
{cy}ner, where T¢ is a subset of M with I'¢ C star’(T'). Here star(T) := star(star’'(T))
for [ > 2, where if U is a cluster of triangles, star(U) = star!(U) is the set of all triangles
which have a nonempty intersection with some triangle of U. Moreover, M is said to be
stable provided that there is a constant K depending only on d and the smallest angle
in A such that

lce] < K max |c,], for all £ € Dya.
nele

We say that a spline s € SY(A) is C* smooth at the vertex v provided that all poly-
nomials s|7 such that T is a triangle with vertex at v have common partial derivatives
up to order p at the point v. In this case we write s € C*(v).

Smoothness across an edge is described with the help of smoothness functionals
defined as follows. Let T = (vy,vq,vs) and T = (vy, v3,v5) be two adjoining triangles
which share the edge e = (v2,v3), and let ¢;;, and ¢;j; be the coefficients of the B-
representations of sy and sz, respectively. Then for any n < m < d, let 7, be the
linear functional defined on S9(A) by

n ~ Tn
TeomS = Cnym—n,d—m — E Ci,j+d—m,k+m—nBijk (1)4)' (3)
i+j+k=n

In terms of these linear functionals, the condition that s be C" smooth across the edge
e is equivalent to
" s=0, n<m<d 0<n<r.

3 Refinable spaces of C? piecewise quintics

Let Q be a bounded connected polygonal domain in R?. Suppose that some initial
regular triangulation Ay of ) is given. Beginning with Ay we construct a sequence



{A,}22, of triangulations of Q by uniform refinement, that is A, is obtained from A,
by subdividing any triangle T" of A,, into four equal subtriangles by joining the midpoints
of the three edges with each other, as in Figure 1 (left). The uniform refinement of a
single triangle T" will be denoted Ty;.

Starting from {A,}>°, we introduce further subdivisions by splitting each triangle
of A, into twelve triangles by joining the midpoints of the three edges with each other
and with the opposite vertices. This Powell-Sabin-12 split Tpg12 of a single triangle T’
is illustrated in Figure 1 (right). Clearly, Tpg12 is a refinement of Ty, The triangulation
obtained from A,, by applying the Powell-Sabin-12 split to each triangle will be denoted
Ay, An important observation is that A, is a refinement of A}, in the sense that
Ay, can be obtained from Aj by subdividing its triangles.

U1

Uy
Ws Wa

V2 w1 U3

Figure 1: Uniform refinement 7y and Powell-Sabin-12 split Trg1o of a triangle.

For each n =0, 1,..., we denote by V,, &,, &, and W, the sets of all vertices, edges,
interior edges and midpoints of edges of A,,, respectively. Given a triangle T" € A,,
we denote the vertices of Tpgio by v, v, v3, w1y, W, w3, Uy, Uz, ug and vy as shown in
Figure 1. We refer to the edges of the form [v;, u;] as type-1 edges, to edges of the form
[u;, vr] as type-2 edges and to edges of the form [w;, vy as type-3 edges. For i = 1,2, 3,
we write £’ for the set of all edges of A¥ of type-i.

We set

V():@, Vn:(VnQIHtQ)\Vo, n:1,2,....

Then .
Vo \ Vi = Vo U (V, NON).

For any v € |, oy V,, let n, = min{n : v € f)n} Clearly, there is a unique edge e,
of A,,_1, with adjacent triangles T,", T, € A,,_1, such that v lies at the midpoint
of e,. Since W,, N Int Q) C ]}n+1, the triangles T/, T.- € A,, are well defined for any
w € W, NInt .

For n = 0,1,..., let S2(A%) denote the space of C? quintic piecewise polynomials,
ie.

S2(AF) :={s€ C*Q) :s|p €Psforall T € A*}.
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We consider the subspace S, of S2(A%) defined by

S, = {s € S(A}):
(i) s € C*(v) for allv € VoU (V, NIN) and all v € W, N I,
(ii) s|pr € C®(v), 8|7 € C*(v) forall v e V, and all v € W, NInt Q, and
(iii) s is C* across all edges in &, UE; UES}.

One crucial property of the spaces S, is their nestedness.

Theorem 1. The spaces S,,,n =0,1,... are nested, that is,
SnCSn+1, 77/:0,1,2,....

Proof. Let n > 1. We suppose s € S,,_; and show that s € S,. If v € Vy U (V, N 0ON),
then v € Vo U (V-1 NON) or v € W,_1 NINY, so s € C*(v) by Condition (i) in the
definition of S,. It is also clear that s € C®(v) for v € W, N IQ since v lies in the
interior of a boundary edge of A* ;. If v € V,, then either v € V,_1, or n, = n and
vEW,1NIntQ, TF, T.” € A,—; and v lies at the midpoint of the common edge e, of
these two triangles. By Condition (i) in both cases s|;+, s, € C?(v) as required. If
v EW,NIntQ, then n, =n+1and 7,7, T, € A,, whereas v lies at the midpoint of
the common edge e, € A, of these two triangles. Moreover, for a triangle T" € A,,_1,
v is either the midpoint of the edges (vy,ws), (v1, ws3), (va, w1), (va, w3), (vs, w1), (v3, Wwa)
or the vertices uy, ug, uz of Tpsia. In the first case, s+, S|TJ € C3(v) because v is not
a vertex of Ay . In the second case, |+, s|,- € C®(v) since s is C* across type 1 and
type 2 edges, e € E! [ UE? | Ife € (ELUE>UED) then either e is (a part of) an edge
ee (& ueEr usf;,l) since A’ is a refinement of A* | or e lies in the interior of some
triangle T € A% _,. In both cases, s is C® across e by Condition (iii). O

We now want to generate a stable local MDS for §,,.

For each v € f)n, let e, in A,,,_1 be the unique edge with adjacent triangles T\, T, €
An _1 such that v lies at the mldpomt of e,. For each v € V,, we choose a triangle
T, € AY with vertex at v. If v € V,, we assume that T, C 7.5 and we choose another
trlangle T, = (v,u,w) € A% attached to v such that T, C T, and an edge of T, is
part of e,. We now set M, := Ds(v) N Tv for any v € V,,, and ]\va = M, U §2T,§70 for any
v E f}n The set Mv is illustrated in Figure 2.

Furthermore, for each edge e of A,,, let vz, be the barycentre of a triangle 7, in A,
attached to e, let w, be the midpoint of e, let T = (v, , w,, u) be one of the triangles

in A’ attached to the edge (w.,vr,), of type 3, and let M, = {5320,5230,52 915 §140
For each w € W, NInt Q, let T." and T, be two triangles in A,, attached to the edge
e = (v, v9) In A,, such that w is the midpoint of e, that is w = w,. Let vy+ be the

barycentre of T and let 7% C T be some triangle in A¥ attached to the edge (w,, Up)
of type 3. Let T, = (we, u,v1) C T, be one of the triangles in A7 with vertex We. and
such that one of its edges is a part of e. Let M, = {§320,§230,§22 1,5140} U {§230
The domain points corresponding to M, are shown in Figure 3.
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Figure 2: Domain points corresponding to M, are marked with filled circles.

Figure 3: Domain points corresponding to M, are marked with filled circles.

Theorem 2. The dimension of S, is given by

dim S, = 104V, + #V,, + A#E,, + #E,,. (4)



Moreover, the set
M, = U M, U U M, U U M, U U M,
vEVR\Vn vEV, e€En\En ecén
1s a stable local minimal determining set for S,,.
The proof of this theorem will be given in Section 4.

By restricting to a single Powell-Sabin-12 split Tpg12, we consider the space S(Tpg12)
defined by

S(Tpsi2) = {s € S5(Tps12) :

s € C*(v;) foralli=1,2,3,

s € C¥w;) forall i = 1,2,3,

s is C® across the segment (v;, u;),{u;, vp),{w;, vy), for all i = 1,2, 3},
where vy, u;, w; are as in Figure 1. Clearly, S(Tpgi12) = S if A consists of just one
triangle.

Let Ty = (vi,ws,u1), To = (vg,wy,ug), Ty = (v3,wa,us), Ty = (vp,wy,u1), T5 =
(v, w3, ug), Ts = (vr, wq, us), and let

3 6
M, = JDs(w) NT), M= {0, 50206301 }-
i=1 i=4

Theorem 2 specialised to the case of S(Tpg12) gives the following corollary, see Fig-
ure 4 for an illustration.

Corollary 3. The dimension of S(Tpsi12) is 42. Moreover, the set M = M, U M, is a
stable minimal determining set for S(Tpgsi2).

Remark 1. The spaces S(Tpgi2) can be used to define non-nested C* macro-element
spaces which in fact coincide with the spaces of C? Powell-Sabin-12 macro-elements
constructed in [11] when the vy is the barycentre of 7. Note that our definition of
S(Tpsi12) is simpler than the corresponding space Sa(Tpgi12) in [11].

4 Proof of Theorem 2

We start by providing two auxiliary results.

Let Tpse be the Powell-Sabin-6 split of the triangle T = (wq, wq, ws) which lies
inside the Powell-Sabin-12 split in Figure 1 and is shown separately in Figure 5 for
convenience. Recall that u; is the midpoint of the edge opposite to w; for i = 1,2, 3,
and vp = (wy + wy + ws3)/3 is the barycentre of T. We consider the space S3(Tpgg) of
all C® piecewise quintics on Tpgg.

Let T7 = (vr, wy, u3), To = (vr, we, u1) and T3 = (vp, w3, us), and let

M = | J(Ds(w)) NTy),

i=1

see Figure 6, where the points in M are marked with filled circles.
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Figure 4: Minimal determining set for S(Tpg12) is indicated by filled circles.

w1
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Wa Uy w3

Figure 5: Powell-Sabin-6 Split

Lemma 4. The dimension of S2(Tpse) is 30. Moreover, the above set M is a stable
minimal determining set for S2(Tpsg).

Proof. The dimension of S2(Tpgg) is easily obtained by [8, Theorem 9.3]. Let us show
that M is a minimal determining set for S2(Tpgs). For each i = 1,2, 3, we use the C?
smoothness at w; to uniquely and stably compute the coefficients corresponding to all
domain points in Ds(w;) \ M by [8, Lemma 5.10].

Next, for each edge e; = (wq, ws3), es = (wy,ws), e3 = (wy,ws) of T, we use the
C3 smoothness across the edge (vr,u1), (vr, us), (vr, us), respectively, to determine the



Figure 6: Minimal determining set M for S2(Tpge) is marked by filled circles.

coefficients corresponding to domain points in the set
Eg(el‘) = {5 : dlSt(g, 61‘) S 2, 5 Q Dg(wz) U D3(wi+1)}, 1= 1, 2,3
(These coefficients are indicated by squares in Figure 6.) The C® smoothness across
the edge (vr,u;) gives three smoothness conditions involving these coefficients which
uniquely determine them as solutions of the corresponding linear system. For example,
the barycentric coordinates of ws relative to (ws, uy, vr) are given by (—1,2,0) since u;
is the midpoint of the edge (ws, w3). Hence, the three smoothness conditions across the
edge (v, u;) involving the coefficients on the edge (ws, w3) are given by
023 - —07 + 2067
Cor = Ch5 — 4C; + 4C%,
C3p = —C1g +6C15 — 12C7 + 8C,
where the coefficients C; of a spline s € S2(Tpgs) are numbered as in Figure 6. By
solving this linear system of equations with respect to C7, Cy3 and Cg, we get
Cr = —ij - %030 + C5 + %027,
Coz = _i018 - icgo + 5015 + Clr,
Cs = —3Chs — 1C30 + 015 + 5Cor.
Similarly, we obtain
Cs = —1Ci7 — §Co + Cry 4 505, Oy = —3C17 — 1Co9 + 5C14 + O,
Cs = —icw - ing + 2014 + 20267 Co = —icw - iczs + Ci3 + %0257
Co1 = —icw - iczs + %013 + Cys, Cy= —ij - i028 + 2013 + %025-



The other coefficients indicated by squares in Figure 6 can be found in the same way.
By taking into account the C?® smoothness condition across the edges (wy,vr),
(wa, v7), (w3, v7), we compute the yet unknown coefficients corresponding to the domain
points on the rings R4(wy), Ry(ws) and Ry(ws3), respectively, compare [8, Lemma 2.30].
These coefficients are indicated by diamonds in Figure 6. For example, the barycentric
coordinates of u; relative to (us, ws,vr) are (—1, %, %), and hence the three smoothness
conditions across the edge (ws, vr) involving the coefficients in the ring Ry (w9) are given

by

Cro=—Cs + %Cm + %CM, Co = U3 — C35 — 3C31 + ij + %(712 + %Cn,
Cg = —Cs3 + %(734 + %(732 - 2036 - 3035 - %031 + %037 + 2016 + 2—87012 + %Cn-

By solving the linear system involving the above equations, we get

031 = %Cg —+ %C32 — %ng) + %Clz — 308 — 3033 + §034 — %036 + 1_18037 + %016'

By using C'!' smoothness across the edges (uy, vr), (ug, vr), (u3, vr) we compute the
remaining undetermined coefficients corresponding to the domain points at distances
three and four from (wy, ws), (we, w3), (w3, w;). These coefficients are marked by stars
in Figure 6. For instance, since that the coefficients C'9 and Cy are already known, we
compute Cy and C5 using the formulas

Cy = %Cn + %019, Cs = %010 + %Om

Finally, the only remaining undetermined coefficient at vy, marked by a triangle in
Figure 6, can be computed by using for example the univariate C' smoothness condition
along the line (us, ws), which gives

C, = %Cn + %038-

We have shown that M is a determining set for S2(Tpgg). The set M is minimal
since its cardinality is equal to the dimension of S3(Tpgg). The stability of M is obvious
in view of [8, Lemma 5.10] and the above explicit formulas. O

Remark 2. The space S3(Tpse) coincides with the space Sa(Tpss) of [8, Theorem 7.9],
where the vertex v is placed at the barycentre of T

Lemma 5. Let A be the triangulation shown in Figure 7 with siz vertices vy, ..., vs,,
where vy = (v3 +v5)/2, vo = (3v1 +v3)/4 and ve = (3vy + v5)/4. Let T = (v, vy, vg).
Let M = Dy (vs) U Dy(v5) UM, C D3, where

T T T T
M. = {§1,2,0a §2,1,0’ §3,0,07 52,0,1}’

Then M is a stable minimal determining set for the space P3 of cubic polynomials re-
garded as a subspace of S5(A).
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U3 Uy Us

Figure 7: Triangulation of Lemma 5, where the minimal determining set M is indicated

by filled circles.

Proof. The lemma follows from a more general statement given in [11, Lemma 4.1].
We provide a (somewhat different) proof in order to work out explicit formulas for the
B-coefficients. We see that #M = dimP3 = 10. Hence we only need to show that if
we set the coefficients of s € P53 corresponding to & € M, then all other coefficients
are stably determined. Suppose the coefficients of s are numbered as in Figure 7. Then
using the C'!' smoothness across the common edge (vy, v4) of two triangle T} = (vy, vy, v1)
and Ty = (vg, v1,v4), where the barycentric coordinates of vg relative to T; are given by
(—1, %, %), we obtain
Ciz = %Om + 301 — Cs.

By using the univariate C*, C* and C? smoothness conditions along the edge (vy, v3),
where the barycentric coordinates of vz relative to (vy,ve) are given by (—3,4) and
solving the linear system involving the three equations, we obtain

9 1 3 1
Cra = —3501 — 3502 + 5013 + 15Cor,
27 1 9 1
Coz = — 1501 — 75028 + 1013 + 5Cor,
_ 27 1 27 3
Co = — 5501 — 55008 + 15C13 + 15Cor.

By symmetry, similar formulas hold for Cs, Cy and Cj, and by using the univariate C1,
C? and C® smoothness conditions along the edge (vs,vs) and solving the corresponding
linear system, we get the formulas

Cos = —1Cas — 1C7 + Cos + 3G,

Chg = —3Cas — 1C7 + 5Co + Cs,
Cro = —1Cas — 3C7 + 3Co + 3Cs.

11



In the next step we compute Cyy and Cy7 by C! smoothness conditions across edges
(vg,v4) and (vy, vg), respectively,

Coo = ic% + 2016, Cir = i(]ls + 2016'

By the C'' and C? smoothness conditions across the edge (vq,v4), as well as the C?
smoothness conditions across the edges (ve,v4) and (v4,vs), we obtain the system of
equations

Cn=-Ci5+ %016 + %Cu,

Cho = Ca1 — Cop — 3C15 4+ 1C19 + 3C16 + 201,
Co = 9C15 — 24C15 + 1605,

Ci = 16C,5 — 24Cy; + 9Cho,

which can be solved with respect to Cig, C11, Ci5 and Cy; to give

Cio = —3Cs + Cia 4 2C16 + 2Crg — 2 Co + 2Cs,
— _2_2108 + %Cm + %016 + 1—34019 _ 3020 + %026’
= %08 + %C&Q - %016 — 1—34019 —+ $C2O _ %026,
021 = %CS + %012 - 1_321016 — 2%019 + %CQO _ %026-

£ 0
o

Finally, using C'' smoothness across the edges (v4, vg) and (v, vy), we get
Co = =3C11 +4C, Co = —3C1;5 +4Cy,

which completes the proof that M is a determining set for P3. The stability is again
obvious in view of the explicit formulas used. O

Proof of Theorem 2. To see that M, is a stable minimal determining set, we show that
we can set the coefficients {c¢}ecns, of a spline s € S, to arbitrary values, and that all
other coefficients of s are then uniquely and stably determined.

First, we show how the coefficients in Ds ax \ M,, can be computed. For each v €
Vi \ V,,, using C® smoothness conditions at v and the coefficients corresponding to M,,
we can uniquely compute the coefficients of s corresponding to all domain points in
Ds(v) by [8, Lemma 5.10]. For each v € V,, using the C* smoothness of 8|p+ at v
and the coefficients in M, N T,F, we compute the coefficients of s corresponding to all
domain points in D3(v) N T.F. By using C? smoothness across the common edge e, of

T.F and T, we can compute the coefficients corresponding to Dy(v) N7, . Then by ~C’3

smoothness at v inside 7, and the coefficient corresponding to the domain point fQTfé,O

inside 7 we can compute the remaining coefficients corresponding to all domain points
in R3(v)NT, .

For each e = (u,v) € &, \ &,, using the coefficients corresponding to M,, we now
apply Lemma 5 to determine the coefficients of s corresponding to domain points in
the disk Ds3(w,.), where w, is the midpoint of e. Due to the C*® smoothness at w,, we
can regard the coefficients of s in the disk as coefficients of a polynomial g of degree 3.
Lemma 5 ensures that we can set the coefficients of s corresponding to domain points in

12



M, to arbitrary values, and that all coefficients corresponding to the remaining domain
points in D3(w,) are uniquely and stably determined.
For each e = (u,v) € &,, using the C* smoothness of 8|+ at the midpoint w. of e

and the coefficients corresponding to {ngfz’O, §2T§’0’ SQTf;I, 5?’%70} inside T.F we can compute
the coefficients of s corresponding to domain points in the disk D3(w.) NT." by Lemma
5 as described previously. Using the C? smoothness across the common edge e of T,
and 7.~ we can compute the coefficients corresponding to Ds(w.) N7, . Then using the
C? smoothness condition supported inside T, and the coefficient corresponding to the

point £2ng?0 we can compute the remaining coefficients corresponding to domain points in
R3(w.) N'T. For each type-1 edge e = (u,v), by taking account of the C*® smoothness
across the edge e = (u, v) we can now compute the three central coefficients in the ring
Ry4(v). Note that in practice these coefficients can be more conveniently computed by
using C' smoothness conditions across the edges of the form (w;, w;11), see Remark 3.

We now show that the coefficients corresponding to the remaining domain points
are uniquely determined. These remaining domain points lie inside triangles of the
form T = (wy, ws, ws), where w; € W,,. Let Tpgs be the Powell-Sabin-6 split of T, see
Figure 5. We have already determined all coefficients corresponding to domain points
in the disks Dj3(w;) for i = 1,2,3. Now we can apply Lemma 4 to uniquely and stably
determine all coefficients of s corresponding to the remaining domain points in 7.

We have thus shown that M is a determining set for S,. To complete the proof,
we need to show that the six central C', C? smoothness conditions across the edges
(wi, wir1), 1 = 1,2,3 are satisfied. Indeed, all other smoothness conditions are either
used in the above computation or are satisfied in view of Lemmas 4 and 5.

To check these conditions we will only look at the section (vy,ws, vy, ws) of the
triangle T = (vq, v9, v3) as shown in Figure 8, where we indicate the domain points of
the 5 x 7 grid around w; by double integer indices (7, j) with the origin (0,0) at u; and
the row of indices with j = 0 on the edge (wsy,w3). The coefficient corresponding to
(i,7) is denoted by C; ;. All smoothness conditions that need verification are supported
within this grid. The smoothness conditions on the other two sections of the triangle
can be checked in the same way.

Let (v, 3,9) be the barycentric coordinates of vy relative to (vy, w3, u1). Thus =0
and vy = yv; + 6u; where v = —1 and § = %. We first write down the known C*', C?

3
and C? smoothness conditions in rows j = —2, —1,0, 1,2 of the grid,

O3,j = 8007]' - 120_17]' + 60—2,j - 0_37]',
027]- —= 4007.] — 40717]' + 072,]'7
017] — 2007] - Cﬁl,j'

By solving this linear system for C_; ;, Cy ;, C1 j, we obtain for j = —2,—-1,0,1,2

Crj=Coy — 3055+ 5C 95— 3C 3. (7)

We write down the four known C* smoothness conditions across row 0 of the grid

CZ'7,1 = ’}/CiJ + 501‘70, 1= —3, —2, 2, 3. (8)
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row 2

row 1

row 0

row —1

row —2

(=3,2) @ ° ° ° (3,2)

w3

(0, 0)

Figure 8: The 5 x 7 grid around ;.

By replacing C_5 _1,C_9_1,C5 _1,C5 _1 in (5)—(7) with expressions in (8) and collecting
the terms with coefficients v and §, we obtain

Ci—1=7C;1 +6C;0, 1=-1,0,1,

which confirms the three remaining C'' smoothness conditions across row 0. Similarly,
by replacing Cs9,Ca9,C 29,C 35 in (5)-(7) with expressions in the four known C?
smoothness conditions across row 0,

Cio = ’YQCi,O +270C; 1 + 52@,—2, 1= —3,-2,2,3,
we verify the three remaining C? smoothness conditions across row 0,
Ci,2 = ’7201‘70 + 2’7(501‘7_1 + 5201‘7_2, 7= —1, 0, 1.

We have shown that M, is a stable local minimal determining set for .S,,. Hence, the
dimension of 5, is equal to the cardinality of M,,, which is easily seen to be the number
in (4). O

Remark 3. Note that in practice the three central coefficients in the ring R4(vy) are
more conveniently computed by using C'* smoothness conditions across the edge (ws, wy)
rather than by C', C? and C® smoothness conditions across (vi,u;) according to the
above proof. Indeed, in the notation of Figure 8 these coefficients are given by

C11=4C_10—3C_1 1, Co1=4Coo—3Cy_1, Ci11=4C1p—3C1 ;.
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5 A nodal minimal determining set for 5,

As usual for macro-element spaces, we provide a stable nodal minimal determining set
for .S, and an error bound for the corresponding Hermite interpolation operator.

Recall that a linear functional A is called a nodal functional provided that Af is a
combination of values and/or derivatives of f at some point 7. A collection N' = {\} ¥,
is called a nodal determining set for a spline space S if As = 0 for all A\ € N implies
s = 0. Moreover, N is called a nodal minimal determining set (NMDS) for S if there
is no smaller nodal determining set. We refer to [8, Section 5.9] for further details on
nodal determining sets.

Let (uy,u,) and (v,,v,) be the Cartesian coordinates of u and v, respectively. Then
the directional derivative of s at (z,y) € T with respect to the (directed) edge e is given
by

Des(x,y) = (ve — uz) Das(z,y) + (vy — uy) Dys(z, y).
Let et be the directed segment obtained rotating e ninety degrees in the counterclockwise
direction. We write D,.s for the directional derivative of s associated with et. The
linear functional evaluating at £ € €2 any function f continuous at ¢ will be denoted by

.

Lemma 6. Let A be the triangulation shown in Figure 7, where vy = (vs + v5)/2,
vy = (3v1 +v3)/4 and v = (3vy +v5)/4. The set

N = N,, UN,, UN,,
18 a nodal determining set for P3, where
1) Nyy = {04y, 0p, Dy, 603 Dy}
2) Nyy = {0y, 00y Dy, 005 Dy },
8) Ny, = {00, De,,04,D2 ,0,,Dc, D2 ,0,,D3 },

e’ ey’

with ey := (v, v1) and ey := (vy, vs5).

Proof. 1t is clear that the cardinality of N is equal to the dimension of P3. Thus to prove
that NV is a nodal minimal determining set, we just need to show that given the values
of {As}ren all B-coefficients of s € P3 can be determined. Suppose the coefficients of
s € P53 are numbered as in Figure 7. Using the data {d,,s, 0y, DyS, 0y, Dys} at vs we
can compute the coefficients Cyg, Co7 and Cag by [8, Theorem 2.19]. Similarly, using the
data {0y, 0ys Dys, 0y Dys} at vs we compute the coefficients Cg, C7 and Cy. Using the
data {0y, De, s, 0u, D2 5,0, D2 s} we can compute the coefficients Cyg, Cy2 and C by [8,
Lemma 2.20], that is, using the formulas

5U4D618 = —3019 + 3016,
5v4D213 = 6019 — 12016 + 6012,
5U4D§18 = —6019 + 18016 — 18012 + 601,

where Cg can be computed using the three univariate smoothness conditions along the
edge (v, vs) as in the proof of Lemma 5.
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Let € = (vy, vg). Since v — v4 = 3(v5 — v4) + 3(v1 — v4), according to [8, (2.36)], we

can use the data d,,D., D? s to compute the coefficient C5 from the relation

1 3
15V4D62D§1S -+ Z(SMDSIS = 5U4D€D218 = —6019 -+ 12016 -+ 6012 + 12011 — 6017 — 602,

where the coefficients C7; and ;7 are computed as in the proof of Lemma 5.

At this point we have determined all coefficients corresponding to domain points in
the minimal determining set M of Lemma 5, and it follows from that lemma that all
other coefficients are also determined. O

Theorem 7. The set

N.o= |J nulNu | Nu N

vEVn\Vn vEV, e€€n\En e€éy,
15 a nodal minimal determining set for S, where
1) N, ={8,DgD;, 0 <+ <3},
2) N, ={0,D2 D2, 0<a+B<3, B<2}U{5fD?% 6, D%},
3) Ne = {0w.Des, 00, D21, 0w, DD}, 60, D3},
4) No = {84, Dex, 60, D% 80, DD, 85 D2, 8, D2},

where 0y f := 0y(f|x) and 6y, f := 0w, (fl1=), and w, denotes the midpoint of the edge
e.

Proof. 1t is clear that the cardinality of N, is equal to the dimension of S5, as given in
(4). Thus to prove that N, is a nodal minimal determining set, we just need to show
that given the values of {As}aen, all B-coefficients of s € S,, can be determined.

For every vertex v € V, \f)n, we can compute all coefficients corresponding to domain
points in the disk Ds(v) directly from the data in N, by [8, Theorem 2.19].

For every vertex v € V,, we can compute all the coefficients of s corresponding
to domain points in the disk Ds(v) from the data in N,. That is, using the data
{5UD;’D§lS, 0<a+p<3 p<2bU {5JDS#3}, we can compute the coefficients
correspon?iing to domain points in Ds(v) N T, by [8, Theorem 2.19]. Then using the
coefficients corresponding to domain points in D3(v)N7T," and C? smoothness conditions
across the edge e,, we can compute the coefficients corresponding to domain points in
D,y(v)NT, . Now using the data {0, D? s} and C* smoothness conditions inside T, we
can compute all the remaining coefficients corresponding to domain points in R3(v)NT, .

Given an edge e = (v/,v") in &, \ &,, let w, be its midpoint. We now compute all
coefficients of s corresponding to domain points in Ds(w.). By the C® smoothness at
we, as in the proof of Theorem 2, these coefficients can be regarded as the coefficients
of a polynomial g of degree 3. Hence, it follows from Lemma 6 that all B-coefficients
in D3(w,) are determined by the known B-coeflicients in the sets D3(w.) N D3(v") and
D3(we) N D3(v") and the nodal data in .

16



Given an edge e in &,, we can compute the coefficients of s corresponding to
the domain points in the disk Dj3(w,.) from the data in Ne. That is, using the data
{60, D18, 00, DeD? 5,6, D2 5,68 D? s}, we can compute the B-coefficients correspond-
ing to D3(w,)NT." using the same argument as above. Then using the coefficients corre-
sponding to domain points in D3 (w,)NT.", and C? smoothness conditions across the edge
e we can compute all the coefficients corresponding to domain points in Dy(w.) N1, .
Finally, using {51;6D§ s} and C® smoothness conditions inside T, we can compute all
the remaining coeflicients corresponding to domain points in Rs(w.) N7, . At this point
we have determined all coefficients corresponding to domain points in the minimal deter-
mining set M,, of Theorem 2, and it follows from that theorem that all other coefficients

are also determined. O

Corollary 8. The set
N = N,UN,

is a nodal minimal determining set for S(Tpsi2), where
1) Ny =U;_ {6, D2D5, 0 < a+ B < 3},

2) Ne=U;_, {0uw., Dot 6w, De D%, 60, D21, 64, D2, },
v; are the three vertices of T', €1 := (v1,vq), €9 := (v2,v3), €3 := (v3,v1) and w,, denotes
the midpoint of e;.

By Theorem 7 for any function f € C3(Q2) and any n = 0, 1, .. ., there exists a unique
spline s, (f) € S, that solves the Hermite interpolation problem

As=Af, AEN,

The following error bound follows immediately by [8, Theorem 5.26] if we take into
account that the uniform refinement used to generate the triangulation A,, halves the
diameters of the triangles and that stability of the nodal minimal determining set N,
can be verified by usual arguments, see e.g. [11, p. 724].

Theorem 9. For every f € C"(Q2), with 3 <r <6,

K
[f = salPlwe) = G | flwz@)

for all 0 < k < r, where K depends only on the maximum diameter and the smallest
angle of the triangles of the initial triangulation Ao, and |- |wz () denotes the standard
Sobolev seminorm on €.

Remark 4. It can be easily checked that the nodal determining sets of Theorem 7 are
nested, that is, NV, C N,11,n =0,1,2,.... This fact may be useful for certain multilevel
algorithms, see e.g. [1].

Remark 5. In developing the macroelement spaces of this paper, we have used P. Alfeld’s
software for examining determining set for the spline spaces, available from http:
//www.math.utah.edu/~alfeld.
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