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Abstract

We study two kinds of quasi-interpolants (abbr. QI) in the space of C? piecewise
cubics in the plane, or in a rectangular domain, endowed with the highly symmetric
triangulation generated by a uniform 6-direction mesh. It has been proved recently
that this space is generated by the integer translates of two multi-box splines. One
kind of QIs is of differential type and the other of discrete type. As those Qls are
exact on the space of cubic polynomials, their approximation order is 4 for sufficiently
smooth functions. In addition, they exhibit nice superconvergent properties at some
specific points. Moreover, the infinite norms of the discrete QIs being small, they give
excellent approximations of a smooth function and of its first order partial derivatives.
The approximation properties of the QIs are illustrated by numerical examples.

1 Introduction

Spline quasi-interpolants (abbr. QI) are effective tools in bivariate approximation on uni-
form grids. Their main interest lies in the fact that they are obtained without solving any
system of linear equations. Moreover, they have often an infinite norm of reasonable size
and they can provide the best approximation order on spaces of smooth functions. Among
the extensive literature on this topic, one can cite for example the treatises [2, 6, 7, 13, 22],
the surveys [3, 4] and the articles [9, 19, 24, 25]. More specifically, in the domain of ap-
proximation of large sets of scattered data, they are often used in the second stage of
the two-stage methods [27, 12, 10, 11]. In the present paper, we construct two kinds of
quasi-interpolants in the space of C? piecewise cubics in the plane, or in a rectangular do-
main, endowed with the Powell-Sabin (PS) triangulation generated by a uniform 6-direction
mesh. This space has been studied recently by different authors from different points of
view, e.g. Chui & Jiang [8], Lian [23], Bettayeb [1]. It is generated by the integer translates
of two multi-box splines ¢1 and ¢y (Goodman [15]-[18]). The QIs of the first kind are of
differential type (DQI) and have the form

Q*f(z) =) [Dif(e), D5 f(a)] ®(z — ),

a€Z?

where ® := [p1, 2|7 and the coefficients D} f(a) and Djf(«) are linear differential oper-
ators of the second or the fourth order. The QIs of the second kind are of discrete type



€

Figure 1: Left: Collection of vectors V. Right: Subdivision of a square cell.

(dQI) and have the form

Qf (@) := Y [D1f(a), Daf(a)] d(x — ),

a€Z?

where the coefficients D; f(a) and Dy f(«) are linear finite difference operators of the second
(resp. the fourth) order which coincide with the previous differential operators on the spaces
P3 (resp. IP5) of bivariate cubic (resp. quintic) polynomials.

As those quasi-interpolants are exact on P35 (i.e. Q*p = Qp = p for all p € P3),
and 1, 9 are compactly supported, their approximation order is 4 for sufficiently smooth
functions. In addition, they exhibit nice superconvergent properties at some specific points.
Moreover, the infinite norms of the discrete quasi-interpolants being small, the latter gives
excellent approximations of a smooth function and of its first order partial derivatives.

Here is an outline of the paper. In Section 2, we recall the main results on multi-box
spline generators of the space of C? cubics on a 6-direction mesh. In Sections 3 and 4, thanks
to the expansions of monomials in terms of translates of these multi-box splines given in [§],
we define the differential and discrete quasi-interpolants in the whole plane. In Section 5,
we give an upper bound of the norm of the dQI and error estimates for the approximation
of a smooth function and of its partial derivatives. In Section 6, we initialize the study of
discrete quasi-interpolants in a rectangular domain by giving examples of construction of
coefficient functionals for some boundary multi-box splines. Finally, in Section 7, we give
some numerical examples.

2 (C? cubics on a 6-direction mesh
Define the vectors (see Figure 1 (left)):
€1 1= (1,0), €9 1= (0, 1), €3 1= (1, 1), €4 1= (—1, 1), €5 1= (2, 1), €g ‘= (1,2).

With the collection of vectors V := {e1, 2, €3, €4, €5, €6 }, one can associate the space S3(V)
of C? ppf of degree 3 on the triangulation generated by V (i.e. by all lines through points
of Z? in the directions of the vectors of V') which is often called the 6-direction mesh. Any
square cell is subdivided into two triangles by its main diagonal. Then each of these two
triangles is subdivided into 6 subtriangles by its medians (Powell-Sabin split, see Figure 1

(right)).



The spaces S2(V) have been recently studied in [8], where it is shown that S3(V) can be
generated by a pair of basis splines {¢1, @2}, i.e. any element S € S§(V) can be expressed

S= il —a)+ D papa(- — ).

a€Z? a€Z?

As shown in [1], the generators o1, p2 are multi-bozx splines [18], and they can be defined
as follows. The support of o7 is the unit hexagon H; with vertices {£e;, £eq, +es} and g9
is defined as o := @1 (A7), where A := [ i :; ] In other words,

1 1
w2(z1,22) = 1 <§(2$1 — 13), g(iﬂl - 2!132)) :

Therefore supp(p2) is the hexagon with vertices {te4, *-e5, e}. These functions can be
defined by their Fourier transforms (see [1, Chapter 6]). Setting ® := [y, p2]?, 21 =
e~ 2y 1= "2 this Fourier transform is equal to

D (u, ug) = [p1(ur, uz), P2 (ur, uz)]" = [ur, ur+ua) M (21, 22) Jurug (ud —ud) (ug +2uz) (2u1 +us),

where M is the matrix

Pi(z1,22) Pa(z1,22)

M(z1,2) := Q1(z1,22) Qa(z1,22)

whose entries are given by

Pi(z1,22) = 21+22122+22—21_1 —221_122_1 —22_1,
Py(z1,22) = —32%22 + 321_122_2 + 321_222_1 — 32123
Q1(z1,22) = —2z1 —z129+ 20+ 221_1 + 21_122_1 — 22_1
Q2(21,22) = 32%22 + 32122_1 — 321_222_1 — 321_122.

Moreover, it is shown in [8, Section 2] that the space S3(V) has full Le-approximation
order 4 for sufficiently smooth functions.

Quasi-interpolation operators

In this paper we are studying quasi-interpolation operators for S5(V') of the form

Qf = Y Paf tafl®(@—a), @:=[p1,0]",

a€Z?

where \,, 1 are linear functionals. A quasi-interpolation operator @ for S2(V) is said to
possess full approximation order if

ID7(@nf = Fllloo < CPMD* flle, 7] <3, (1)

where C' is a constant independent of h and f,

Qnf(z) = Qfn(z/h), fn(x) = f(hx), h >0,



.— AT AQS R 8 R 8
D7 := 0705, o1 := Fr Oy := By’
We are mostly interested in discrete quasi-interpolants (dQI), where the functionals
Aof, ftaf are linear combinations of a finite number of the values of f on the grid Z2.
However, discrete quasi-interpolants are usually obtained by discretisation from suitable
differential quasi-interpolants (DQI), whose functionals A, f, o f include (higher order)
derivatives of f at the grid points. In what follows we suggest two pairs of DQIs and
associated with them dQIs: Q*,Q", and Q#,@#.
Using the values of multi-box splines 1,y at the grid Z?, we compute for future
reference the following expressions for the values of Qf, )1Qf and 02Q f at the origin:

7:(r78)623—7 v =r+s.

Qf(0,0) = Xoof +poof + %(Ml,of + p—1,0f + porf + po—1f + piaf +p-1,-1f),
01Qf(0,0) = %(Ml,of —p—10f) + % (po,—1f — porf +prf —p-1,-1f),
02Qf(0,0) = %(Mo,lf — po,—1.f) + % (p—1,0f —prof +p1f —p-1,-1f).

3 Differential quasi-interpolants in R?

3.1 Differential quasi-interpolants of the second order

We normalize the multi-box splines so that their multi-integer translates sum to one, by

taking

1 _ 1 = _ _ T

gh P2=gp 0= [P1, P2 -

According to [8], the expression of monomials m(z) := zlz§, v = (r,s) € Z2, is given by
the formula

p1 =

(@) =3 Z(})oﬂ-ﬁyﬁ Ba—a), veZl, hl<3 @)

o B<y
where the vectors yg are respectively defined by
1 1
Yoo =[L,1], v20=1v02= 5[17 =1, y11= 6[1’_1]’

yg =[0,0] for |B]=1and3.

Therefore we obtain the expansions of monomials of Pg in terms of translates of multi-box
splines:

4



1 1 -
ziry = Z |:04%042 + g(al + ag), afay — g(al + ag)} O(x — ),

«

1 1 -
o Z [alag + g(al + ag), a0l — g(al + 042):| Pz —a),

«

T3 = Z [ag’ + g, 0 — ] ®(z — ).

«

Let us now define the following differential quasi-interpolant (DQI) :
Q*f(2):= ) [Dif(a), Dsf ()] ®(z —a),
a€Z?
where the coefficients are the differential operators
1 1
Di=1+ D"  Dj=1I- D" with D":= 0% + 0,0, + 02.
Then, from the above results, it is not hard to deduce the following

Theorem 1 The differential quasi-interpolant Q* is exact in the space P3 of bivariate cubic
polynomials.

Proof. From the expressions of second degree monomials mog, m1; and mys, it is clear
that the differential operators D} and D5 must be of the form given above. Then, it is easy
to compute e.g.

# 1 N 1
Dimao(a) = aif + 6[6a1], Dimao (a) = a%ag + 6[2@2 + 204,

which coincide with the first components of the expansions (2) of the first two monomials
of degree 3 in terms of translates of multi-box splines. The same proof holds for D3 and
for the remaining monomials. W

3.2 Differential quasi-interpolant of higher order

Assume we are working on the uniform grid hZ? and that f is sufficiently smooth. Let

k..l
Z Q11 Ty

k,l>0
k+1<m

be its bivariate Taylor polynomial of degree m > 5. Using the formulas for @Qf(0,0),
01Q£(0,0) and 9,Qf(0,0) at the end of Section 2, we evaluate @} f and its derivatives
at the origin in terms of the Taylor coefficients of f, and get the following interesting
expansions
h4
(@Qnf = 1)(0,0) = —5(2%0 +ag + azz + a13 + 2a0,4) + O(h°),
01(Qnf — £)(0,0) = O(h"), 8 (Q4f — £)(0,0) = O(A).

In the same way we can also show that

0105(Qnf — £)(0,0) = O(h?), r+s=2.

From that, we deduce the following approximation properties of Q}:



1. The approximation order is 4 at the origin, and by translation, at any vertex of hZ?.
2. The approximation order of first derivatives at hZ? is 4.

3. The approximation order of second derivatives at hZ? is 2.

Moreover, the coefficient of h* in the expansion for (Qr f — f)(0,0) has a simple form
and leads us to introduce the differential operator

D¥ .= (D*)? = (0} + 0102 + 03)* = O} + 2070, + 30703 + 20,93 + 03,

and to define the new differential quasi-interpolant

Q*f =Y [DF£(2). DF f(o)] B - a),

«

where the two differential operators are defined by
1 1 1 1
p¥f .= 1+-D"+ —D# DI .=1--D"+_—D*
! T8 im0 6~ 108
In that case, we obtain the following expansions at the origin:
h6
Q7 f— £)(0,0) = —5—4(8%,0 +4das + 2a49 + azz + 2a2.4 + 4ay 5 + 8ags) + O(h),
" h? 6
n(Qf f— £)(0,0) = —g(llas,o +5ag1 + 3az2 + az 3+ aia) + O(h°),

h4
32(Q#f - 1)(0,0) = —g(llao,s +5a14 + 3azs + asz +agq) + O(h),

h2
3%(Q#f - [)(0,0) = —3(10%,0 + bag 1 + dag g + 2a1 3 + dag.4) + O(hY),
h2
5132(62#10 — f)(0,0) = —3(2%,0 +ag + 2a29 + a3 + 2a0,4) + O(hY),

h2
822(fo — £)(0,0) = —€(4a4,0 +2a31 + 4az 2 + 5ay 3 + 10ag 4) + O(h4).

From that, we deduce:

1. The approximation order is now 6 at the origin, and by translation, at any vertex of
hZ?. As the leading coefficient only involves partial derivatives of order 6, it is exact
for f € Ps.

2. The approximation order of first derivatives is still 4. As the leading coefficients only
involve partial derivatives of order 5, it is exact for f € Py.

3. The approximation order of second derivatives is still 2.

In particular, Q# f is an Hermite interpolant of f € P4 and a Lagrange interpolant of
f € Ps at the vertices of the grid hZ?.

Remark. It is still possible to increase the local approximation order by correcting
with a differential operator of order 6. However, its expression is more complicated and is
not the third power of the operator D*.
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Figure 2: Specific points for superconvergence.

3.3 Superconvergence at some specific points

We consider the set of specific points (see Figure 2):
e A :=vertex of a square cell,
e M :=midpoint of an (horizontal or vertical) edge of a square.
e (' :=center of a square,
e (G :=center of a Powell-Sabin split.

We use the notations (sc) for superconvergence and

e =Qif —f e =Qff— .

Then, using a computer algebra system (Maple), we get the following results for the first
differential quasi-interpolant Q* :

ey(4) = O(h?),  diej(A) = daef(A) = O(RY) (sc)
eh(M) = O(h"),  diej(M) = daej,(M) = O(h"), (sc)
e,(C) =O0(n),  91e}(C) = dae},(C) = O(h*) (sc)
en(@) =O(h"),  1€},(G) = Daej,(G) = O(R?).
In the same way, for the second differential quasi-interpolant Q7 :
e (A) = O(h%), (sc)  nef(A) = dae]f (A) = O(h*) (sc)
ef (M) =0(Y), el (M) = dsel (M) = O(h*), (sc)
e (C)=0(hY), el (C) = dhef (C) = O(h) (sc)
e (G) =0,  del (G) = doel (G) = O(h®).

Moreover, we have the following results about monomials in P4 and Ps:



1. If f € P4 is a monomial z™y", m +n =4 , then Q" f (resp. 02Q*f ) interpolates
O1f (resp. Oof) at the vertices A, midpoints M and center points C. However, Q* f
does not interpolate f at any point of types A, M, C,G.

2. In addition, Q¥ f interpolates f at vertices.

3. If f € P5 is a monomial z™y", m +n = 5, then Q*f interpolates f at points
A,M,C and Qi f — f = O(h®) at points G (superconvergence). Moreover, there is
still superconvergence of order 4 on first order partial derivatives.

4 Discrete quasi-interpolants in the plane

4.1 Discrete quasi-interpolants of the second order

The differential operators 97, 902,95 can be substituted by discrete operators (finite dif-
ferences) which coincide with them on cubic polynomials :

0t f(a) ~ 61 f(a) := fla+er) —2f(a) + fla—e),
0102 (@) ~ 5182f(0) 1= 7S (e e5) = fla+ ea) — fla—eq) + fla—eg)],
081 (@) ~ 3 (0) 1= fla+ e2) = 2f(c) + [l — e2).

Therefore the two discrete operators:
1
Dy :=1+ =D, Dy:=1— ED, with D := 67 + 8169 + 63,

also coincide respectively with D} and D3 on the space P3. Their full expressions are
respectively

Dif(0) = 37(0) + 5 (flaken) + flate) + 50 (flates) — flater),
Dof(@) = 2 f(@) — ¢ (Flaer) + flak e2) — 5o (Flork es) — flak ew)).
The associated stencils are respectively :
—1/24 1/6 1/24 1/24  —1/6 —1/24
1/6 1/3 1/6 ~1/6  5/3 —1/6
1/24  1/6 —1/24 —1/24 —1/6 1/24

One can now define the following discrete quasi-interpolant (dQI) :

Q1) = 3 [D1f(a), Daf ()] Bz — a).
and we immediately deduce a result similar to that of the preceding section:

Theorem 2 The discrete quasi-interpolant Q* is exact in the space P3 of bivariate cubic
polynomials.



4.2 Discrete quasi-interpolant of the fourth order

We construct new finite difference operators D; and D, approximating the two previous
differential operators Dfﬁ and D;’E . Taking stencils with 19 points having an hexagonal
shape a nd coefficients only depending on a sequence of 4 parameters a := [a1; az;as; ay] :

az a4 a3
as G2 a2 a4
az az ap a2 as
aq G2 a2 a4
az a4 as

we write that the two pairs of discrete and differential operators (51,1?# ) and (52,19;# )
coincide on the polynomial space P4 : this will imply, thanks to the symmetries of coeffi-
cients, that they coincide on P5. The complete expression of Dy f, k = 1,2 is then of the
form

Dif(a) = arf(a) +as (f(ater) + flate) + flates))
+ag (f(a£2e1) + fa£2ea) + fa £ 2e3)
+ag (flaotes)+ fates) + flates)).

With the help of a computer algebra system, we find the two following sequences, each
depending on two arbitrary parameters (&;,7;), ¢ = 1,2 :

LRRPSNS N A VUSRS BN PO L1 1
|4t 11 11 1 11
L g TSt T g gy TSt T g ST 108" T T 35 T M
RN PSS U | S DU SN DSNE BN TS DUSD
A2:= g T2 T AR g T s2 T gy a2 T gl Hre T as2 T i

One can now define the new discrete quasi-interpolant

Q" @)= [Dif(a). Daf ()] Bz — a).

«

As in Section 3.2, given the function

fla,y) = ar’y

E,1>0

and computing the coefficients of Qf for indices in a neighbourhood of o = (0,0), we get
the following expansions which are close to those obtained for the higher order differential
QI of Section 3.2:
(@K f = )(0,0) = O(h"),
— h
01@f f — £)(0,0) = e (11aso + 5as1 + 3asz + az3 + a1,4) + O(RO),

_ ha
32(@#]0 — £)(0,0) = - (1lags + 5ay 4 + 3ag3 + aza + aqg1) + O(R°),

2

_ h
3%(Q#f - f)(0,0) = s (10a4,0 + 5az 1 + 4ags + 3a1.3 + 4ag4) + O(h*),



2

_ h
5152(Q#f — £)(0,0) = Y (2a40 + az 1 + 2a2.2 + a1 3 + 2a0.4) + O(h%),

_ h?
822(fo — £)(0,0) = % (4aygp + 2a31 + 4ag 2 + 5a1,3 + 10ap.4) + O(h4).

Therefore, we can conclude, as in Section 3.2, that for this dQI :

1. The approximation order is now 6 at the origin, and by translation, at any vertex of
hZ?. As the leading coefficient only involves partial derivatives of order 6, it is exact
for f € Ps.

2. The approximation order of first derivatives is still 4. As the leading coefficients only
involve partial derivatives of order 5, it is exact for f € Py.

3. The approximation order of second derivatives is still 2.

In particular, @# f is an Hermite interpolant of f € P4 and a Lagrange interpolant of
f € P5 at the vertices of the grid hZ2.

4.3 Superconvergence properties of dQIs

As for differential QIs (Section 3.3), we consider the same set of specific points of type
A,B,C and D depicted in Figure 2.
We use the notations (sc) for superconvergence and

eni=Qrf—f en=Qrf—f.

Then, using a computer algebra system (Maple), we get the following results for the first
discrete quasi-interpolant Q* :

eh(A) = O(h4), 81€h(A) = ageh(A) = O(h4) (SC)
en(M) = O(h%), Ore(M) = dgep, (M) = O(h?), (sc)
en(C) =0(hY),  01en(C) = daen(C) = O(R*) (sc)
eh(G) = O(h4), 81€h(G) = ageh(G) = O(h3).
In the same way, for the second discrete quasi-interpolant @# :
en(A) = O(h%), (sc)  018(A) = dqrén(A) = O(h*) (sc)
éh(M) = O(h4), aléh(M) = 82éh(M) = O(h4), (SC)
en(C)=0(h"),  21n(C) = 828n(C) = O(h") (sc)
en(G) =0(hY),  01en(Q) = 0en(G) = O(R3).

Moreover, we have the following results about polynomials in P4 and Ps:

10



1. If f € P4 is a polynomial, then 8;Q f (resp. %Q f ) interpolates 0y f (resp. Oaf)
at the vertices A, midpoints M and center points C. However, Q" f does not inter-

polate f at any point of types A, M,C, G. Q# f has the same properties, however it
interpolates f at vertices.

2. If f € Ps is a polynomial, then Q" f interpolates f at points A, M,C and @Zf —f=
O(h®) at points G (superconvergence). Moreover, there is still superconvergence of

order 4 on first order partial derivatives. @# f has the same properties.

5 Norm and error estimates for the discrete quasi-interpolants

5.1 Infinity norms of discrete quasi-interpolants

For bounded functions f, a first upper bound on the maximum norm of Q" can be obtained
by bounding above its coefficients:

D) < ks 1P2(@)] < 31l

therefore, as the sum of integer translates of generators ¢; and 9 is equal to one, we

immediately deduce

—x 5
< —.

[l <

More precisely, let us define the following quasi-Lagrange spline (called superfunction else-
where [5, 20]) :
1 1 1
¥(2) = ge1(a) + ¢ (prlz +e) + iz +e2)) + 2 (pr(r —e1) + g1z —e2))

+% (p1(z +e3) —p1(r +eq)) + % (p1(x —e3) — p1(x — eyq))

+§902(33) - é (p2(z + 1) + pa(z + €2)) — % (pa(z —e1) + pa(z — €2))

— 51 (2 es) — ol + ) — o (22l — ) — pale — en)).

Then the dQI can be written in the simple quasi-Lagrange form:

Q' fl@)= ) fla)p(z —a).

a€Z?

The infinite norm of Q" is then equal to the max-norm of its Lebesgue function A:

Qoo = [Aloo,  with  A(z) := ) [i(z — a)].

Remark: The computation of a better upper bound on ||Q" ||+ is based upon a good esti-
mate of |A|. The unit square 2 := [0, 1]? is covered by the supports of 34 integer translates
of the quasi-Lagrange spline. Because of the symmetries of the support of ¢, it is enough to
study the maximum of A on a subdomain Q* of 2. As the explicit BB(=Bernstein-Bézier)

11



form of each cubic polynomial piece p, of ¥(x — «) is known on Q*, we can bound |p,|
by the polynomial p} having as BB-coefficients the absolute values of those of p,. Then
it follows that A does not exceed the sum of polynomials p}. This computation will be
detailed elsewhere.

Infinity norm of the 4th order dQI

We have already seen that ||Q || < 2.5. Here, choosing (£1,m1) = (0, —1) and (&,m2) =

(0, %), we obtain respectively:

n5 1. a7 5
ST N ayoe |7 5
! 24’54 4327 |’ 2 24’ 54’ 432

from which we deduce
37 — 23

ﬁoo:_a Doo:_a

and finally ||@#||OO < 2 ~2.55.

5.2 Error estimates

We can use the above bounds on the norms of our dQI to investigate their approximation
order.

Theorem 3 The discrete quasi-interpolants @* and Q# possess full approximation order
in the sense of (1).

Proof. Let Q = Q" or @# Denote by dus - (f,P3) the best approximation of f from P3 on

a triangle 7 in Lo,-norm. According to the result of Section 5.1 on the norms of @*,@#
and classical results in approximation theory, we obtain, in view of the exactness of ) on
]P37

1f = Qnflloo,r £ 1+ [@nlloc) doo,r (f,P3) < Kideor(f,P3), for all triangles of AV,

where 0 < Ky < 7/2. Now, if f has bounded fourth order partial derivatives, then it is
well known that doo - (f,P3) < Koh?||D*f||co, whence (1) for v = 0. The case 1 < |y| <3
is obtained in the same way. W

6 Quasi-interpolants in a rectangular domain

Let Ry, be the rectangular domain [0, m] x [0, n] and let Sy, , be the space 83 (R, ) of C2
cubic splines on Ry, , endowed with the 6-direction mesh. According to [8], the dimension
of this space is

. = dim(Sy, ) = 2mn + 4(m +n) + 6.

12



There are (m + 1)(n + 1) shifts of ¢ and (m + 3)(n + 3) — 2 shifts of p2 whose supports
overlap with the domain, totalling to

bm,n = 2mn + 4(m + n) +8 = dm,n + 2.

Therefore, the generators of S, ,, are linearly dependent. However, this fact is not impor-
tant for quasi-interpolation.

On the other hand, the coefficient functionals of boundary generators use data points
which lie outside the domain, thus we are led to modify these functionals in order to use
only data points that lie inside R,y , (or on its boundary) and still give a quasi-interpolant
exact on cubic polynomials. Let us give some details for generators whose centers of sup-
ports are close to the origin or to the boundary OA with A = (m,0).The other cases can
be treated similarly.

Example 1. Consider the multi-box spline ¢; whose support is centered at the origin.
Its coefficient in the differential quasi-interpolant Q* f is equal to

D1F(0,0) = (f + 5D F)(0,0)

The 10-dimensional vector b of the values Dj f(0,0) on all monomials f € P3 (in lexico-
graphic order) is as follows

b=11,0,0,1/3,1/6,1/3,0,0,0,0] .

In order to approximate Dj f by a finite difference operator based on values of f at grid-
points close to the origin, we choose the discrete operator

le(07 0) = alf(07 0) + a2(f(17 0) + f(07 1)) + CL3(f(2,O) + f(07 2)) + CL4f(1, 1)
+a5(f(370)) + f(07 3)) + aﬁ(f(27 1) + f(17 2))7

and require that its values on monomials of P53 coincide with the components of . Then,
the coefficients a; satisfy the following six equations

a1 + 2a9 + 2a3 + a4 + 2a5 + 2a6 = 1
as + 2a3 + aq + 3as + 3a6 =0
as + 4as + aq + 9as + Hag = 1/3

a4—|—4a6:1/6
as + 8ag + a4 + 27a5 + 9ag =0
a4 + 6ag =0

the unique solution of which is
a=1[2,-5/4,3/4,1/2,-1/6,—-1/12]".

Therefore, we can choose as coefficient of 1 in the discrete quasi-interpolant @ f the finite
difference

D1/(0,0) = 2(0,0) = 2(F(1,0) + £(0,1)) + F(£(2,0) + F(0,2)) + 37(1,1)
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— (3,00 + 1(0,3) = (2.1 + 7(1,2)),

We see that |D1|s = 7, a rather high value.

Example 2. Let us now consider the multi-box spline o whose support is centered at
the point (—1,—1). Its coefficient in the differential quasi-interpolant Q* f is equal to

* 1 *
D2f(_17 _1) = (f - ED f)(_17 _1)
The 10-dimensional vector b of the values D3 f(0,0) on all monomials f € P3 is
b=1[1,-1,-1,2/3,5/6,2/3,0,—1/3,—1/3,0]%.

We approximate Dj f by a finite difference operator Dy f of the same type as Dy f. Solving
the associate system of linear equations gives

a=[8,-29/4,41/12,19/6,—2/3, —7/12],

therefore, we can choose as coefficient of 5 in the discrete quasi-interpolant Qf the fol-
lowing finite difference

D2(0,0) = 8(0,0) = 2X(F(1,0) + £0,1)) + T3 (F(2,0) + £(0,2))
F T (L1) = 2(73,0) + £0.3)) — 5 (72, 1) + £(1,2)).

We see that |Ds|s = 35, a very high value.

Example 3. Consider the multi-box spline of type ¢1 whose support is centered at the
boundary point (1,0). The coefficient Dj f(1,0) is approximated a discrete operator based
on the same data points as in the previous examples :

D1 f(1,0) :==a1f(0,0) + a2 f(1,0) + a3 f(0,1) + as f(2,0) + a5 f(1,1) + a6 f(0,2)
+a7f(3,0) +asf(2,1) +ag f(1,2) + a10f(0,3).
However, the vector b of values of Dj f(1,0) on monomials of P3 is equal to
b=1[1,1,0,4/3,1/6,1/3,2,1/3,1/3,0]",
therefore the solution of the linear system is
a=[1/2,3/4,-3/4,1/12,—1/6,7/12,0,1/12,1/12, —1/6]
It corresponds to the following discrete operator:

3

le(lv 0) = %f(ov 0) + Z(f(lv 0) - f(O, 1)) + 1_12(f(2’0) + 7f(0’ 2))

_éf(l’ 1) + 1—12(f(2, 1)+ f(1,2) = 2f(0,3)).

14



In that case, we get |Di|o = 19/6 ~ 3.16, a lower value than in the first example.

Example 4. As a last example, we consider the multi-box spline of type o whose sup-
port is centered at the boundary point (1, —1). The coefficient D f(1, —1) is approximated
by the same discrete operator as in the third example :

Dof(1,-1) == a1f(0,0) + a2 f(1,0) + a3 f(0,1) + asf(2,0) + a5 f(1,1) + as f(0,2)
+arf(3,0) +asf(2,1) +agf(1,2) + a0 f(0,3).
Here, the vector b of values of Df f(1, —1) on monomials of P5 is equal to
b=[1,1,-1,2/3,-7/6,2/3,0,—1,1,0]"
therefore the solution of the linear system is now
a=10,15/4,-5/4,—1/4,—-7/2,7/4,0,1/12,13/12, —2/3]T

It corresponds to the following discrete operator:

Dof(1,0) = 2(3£(1,0) - £(0,1)) = 7(£(2,0) + 147(1,1) = 7(0,2))

P (P 1) +137(1,2) — 8£(0,3),

for which we get |Dsa|oo = 37/3 &~ 12.3, a lower value than in the second example.

We thus observe that functionals associated with some boundary multi-box splines can
have infinite norms with high values. This can increase the value of the infinite norm of the
quasi-interpolant and eventually give some trouble in numerical computations. For that
reason, we shall develop in a further paper alternative functionals having larger supports
and lower infinite norms (as is done in the corresponding work by Sara Remogna [26] on
quadratic spline QIs).

7 Numerical examples

In this section we present numerical results confirming good approximation properties of
the proposed quasi-interpolants Q@ = Q*, Q#,@*,@#.
We have used the well-known Franke test function [14] given by

flz,y) = Zexp{—(gx_z) 4<9y—2)}+i [ (933;-)1) (9y1—0kl)}
+%exp[_(9$—7 (9y — 3] é [ 93:_4)2_(911_7)2]

Quasi-interpolants @Qp, f using the values of f (and its derivatives in the case of DQIs
Q*, Q%) were computed for h = 1/n, with n = 16,32,...,512. The resulting C? cubic spline
and its gradient and Hessian were evaluated on a dense grid in the square domain Q = [0, 1]?
and compared with the corresponding values of f, Vf and H f. The errors are presented
in Tables 1, 3 and 5, respectively. They all confirm as expected the full approximation
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order (h* for the function values, h3 for the gradients and h? for the Hessian) of all four
quasi-interpolants, where the errors for the higher order quasi-interpolants Q#,@# tend
to be better than Q*,Q". It is interesting to note that discrete QI @# often significantly
outperforms differential QI Q* and is rarely worse than Q7.

It was shown in Section 4.3 that f — Q# fand f — @f f are superconvergent at the
vertices of the square cells, that is at the points in hZ2. Indeed, the approximation order
hS in this situation is confirmed by the numerical results presented in Table 2. Moreover,
summarising the other results of Sections 3.3 and 4.3, we see that the gradients of all four
quasi-interpolants are superconvergent at the points of type A, M and C, that is at the
grid %22. This observation is confirmed by the numerical results in Table 4 showing the
approximation order h* for the gradients at these points.

DQI Q* dQI1 DQI Q# aQIr g
n ferror ratio | ferror ratio | ferror ratio | f error ratio
16 | 7.08e-03 9.50e-03 3.98e-03 6.57e-03

32 | 5.90e-04 12.0 | 8.86e-04 10.7 | 2.44e-04 16.3 | 3.70e-04 17.7
64 | 3.95e-05 14.9 | 6.14e-05 14.4 | 1.47e-05 16.6 | 1.74e-05 21.3
128 | 2.51e-06  15.8 | 3.93e-06 15.6 | 9.06e-07 16.2 | 9.50e-07 18.3
256 | 1.58e-07 15.9 | 2.48e-07 159 | 5.65e-08 16.0 | 5.72e-08 16.6
512 | 9.86e-09 16.0 | 1.55e-08 16.0 | 3.53e-09 16.0 | 3.54e-09 16.2

Table 1: Maximum function error ||f — Qnf||c, b = 1/n, and ratio 1 =Qanflle o the four

[F=Qnflls
types of quasi-interpolants, where || f|loo := || f]l1.. (-
# 7
DQIL @ dQI @
n f error ratio | ferror ratio
16 | 7.00e-04 1.96e-03

32 | 1.10e-05 63.9 | 1.04e-04 18.9
64 | 1.39e-07 78.8 | 2.18e-06 47.6
128 | 1.86e-09 74.7 | 3.70e-08 58.9
256 | 4.0le-11  46.4 | 5.93e-10 62.4
512 | 2.46e-12  16.3 | 9.31e-12  63.7

Table 2: Superconvergence at grid points hZ2. Maximum function error ||f — Qpflloo, b =
1/n, and ratio % for the higher order quasi-interpolants Q#,@#, where || fllc =

1 fllee (@nnz2)- The deterioration of the approximation order of Q7 for n = 256 and 512 is
most probably caused by rounding errors as the accuracy approaches the unit round-off.

Acknowledgment. This research has been initiated during a visit by P. Sablonniere to
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DQI Q* dQr 9 DQI Q# dQ1 97

n | Vferror ratio | Vf error ratio | Vf error ratio | Vf error ratio
16 | 5.64e-02 7.11e-02 6.08e-02 6.27e-02

32 | 7.03¢-03 8.0 | 9.42e-03 7.5 | 7.12e-03 8.5 | 7.46e-03 8.4
64 | 8.50e-04 83 | 1.18¢-03 8.0 | 850e-04 84 | 870e-04 8.6
128 | 1.05e-04 8.1 | 1.47e-04 8.0 | 1.05e-04 8.1 | 1.05e-04 8.2
256 | 1.31e-05 8.0 | 1.84e-05 8.0 | 1.31e-05 8.0 | 1.31e-05 8.0
512 | 1.63e-06 8.0 | 2.30e-06 8.0 | 1.63e-06 8.0 | 1.63e-06 8.0

Table 3: Relative maximum gradient error |[V(f — Qnf)lloc/IIVflleos B = 1/n,

and ratio M for the four types of quasi-interpolants, where |V f|le =

V01 f% 4 022 Lo (02)-

DQI Q* dQ1 Q" DQI Q* dQr Q7
n | Vferror ratio | Vf error ratio | Vf error ratio | Vf error ratio
16 | 5.27e-02 6.88e-02 4.51e-02 5.35e-02

32 | 4.69e-03 11.2 | 6.99e-03 9.8 | 2.89¢-03 15.6 | 3.63e-03 14.7
64 | 3.18e-04 14.7 | 4.98e-04 14.0 | 1.80e-04 16.0 | 1.94e-04 18.7
128 | 2.04e-05 15.6 | 3.23e-05 154 | 1.13e-05 16.0 | 1.15e-05 16.9
256 | 1.28e-06 159 | 2.04e-06 15.8 | 7.02e-07 16.0 | 7.06e-07 16.3
012 | 8.04e-08 16.0 | 1.28e-07 16.0 | 4.39e-08 16.0 | 4.40e-08 16.1

Table 4: Gradient superconvergence at half-grid points %Zz. Relative maximum gradient

error [|V(f — Qnf)lloo/IIVflloos b = 1/n, and ratio M for the four types of

quasi-interpolants, where ||V f|« == ||[\/01f? + 02 /2|, (@Qnh72)-
e 2

DQI Q* Q1 Q' DQI QF dQr Q7
n | Hf error ratio | Hf error ratio | Hf error ratio | Hf error ratio
16 | 3.18e-01 3.93e-01 4.33e-01 3.78e-01

32 | 1.31e-01 24 | 1.70e-01 2.3 | 1.45e-01 3.0 | 1.50e-01 2.5
64 | 3.55e-02 3.7 | 4.80e-02 3.5 | 3.64e-02 4.0 | 3.71e-02 4.0
128 | 9.10e-03 3.9 | 1.25e-02 3.9 | 9.16e-03 4.0 | 9.22¢-03 4.0
256 | 2.29e-03 4.0 | 3.15e-03 4.0 | 2.30e-03 4.0 | 2.30e-03 4.0
512 | 5.74e-04 4.0 | 7.89e-04 4.0 | 5.75e-04 4.0 | 5.75e-04 4.0

Table 5: Relative maximum Hessian error ||H(f — Qnf)llco/I[Hfllcos B = 1/n,

and ratio M for the four types of quasi-interpolants, where ||H f|ls =

IV (@2 F)? + (01021)2 4 (93 1)?]| 1o (02)-
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