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Abstract. A construction for high order continuous finite elements on par-
titions consisting of tetrahedra, hexahedra and pyramids based on polynomial
Bernstein-Bézier shape functions is presented along with algorithms that allow
the computation of the system matrices in optimal complexity O(1) per entry.

§1. Introduction

In theory at least, finite element approximation on a three dimensional domain dif-
fers little from approximation over planar domains. However, the reality is that one
is beset by various niggling issues not least of which is the choice of a partitioning
for the domain. On the one hand, hexahedral elements are often preferred for rea-
sons of efficiency stemming from the tensor-product nature of the elements and the
underlying approximation space, but the practical issues of meshing a complicated
three dimensional geometry using only hexahedra should not be underestimated.
On the other hand, while there are many efficient algorithms available for mesh-
ing using tetrahedral elements, the numbers of degrees of freedom in the resulting
finite element space generally significantly exceeds what would be needed should
a hexahedral partitioning be available, without a commensurate improvement in
accuracy.

An obvious solution would seem to consist of using a partition comprised of a
mix of both tetrahedra and hexahedra with hexahedra used as much as possible,
with the tetrahedra used to mesh the remaining more complicated geometrical fea-
tures. This would be fine were it not for the fact that tetrahedra and hexahedra
fail to tessellate. Again, a possible solution readily suggests itself whereby pyrami-
dal elements are used as a means of interfacing between the tetrahedra with the
hexahedra, see e.g. [6,25].

The question then becomes one of how to define shape functions on the pyra-
mids in such a way as to obtain globally C° (conformal) test functions. The problem
now is that it is impossible to do this using polynomial basis functions. Various
approaches have been taken to solving this problem, see [8,9,23] and Remark 3. The
upshot is that non-polynomial basis functions are required which, in turn, gives rise
to further difficulties associated with numerical integration and the analysis [8,24].
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At this point, one might be left with a growing feeling that hybrid partitions
may be more trouble than they are worth. Nevertheless, the current work presents
a fresh approach to dealing with the pyramidal transition elements which: avoids
the need for non-polynomial functions in favour of using piecewise polynomials,
and as such is entirely in keeping with the spirit of the finite element method;
neatly side steps technical questions associated with the error of the quadrature and
approximation power of the spaces; and, opens up the possibility for adopting fast
(optimal complexity) algorithms developed in [3] for the system matrix assembly
and matrix-free implementations.

The paper is organized as follows. Sect. 2 contains a description of the hybrid
partitions of interest in this paper. While this might seem to be straightforward, in
practice, it is of considerable interest to allow partitions in which the faces of the
hexahedra are allowed to be bilinear quadrilaterals. In turn, this means that one is
obliged to consider pyramids whose quadrilateral face is bilinear, which is generally
disallowed in existing work on pyramidal elements. We therefore devote attention
to carefully defining pyramidal elements of this type and characterizing conditions
under which associated maps to the reference element are invertible. The bilinear
face of the pyramid means that the splitting of the pyramid into interface tetrahedra
is not straightforward. The section concludes with a discussion of an appropriate
way to split pyramids into a pair of interface tetrahedra which, of necessity, must be
curvilinear. In Sect. 3 we introduce the approximation space to be used in the finite
element method, while Sect. 4 is concerned with the construction of the shape func-
tions associated with each of our elements. In Sect. 5 we discuss domain points and
minimal determining sets, while in Sect. 6 we use these concepts to find a formula
for the dimension of our spline space and to construct a locally supported basis
for it. In Sect. 7 we collect some useful computational algorithms for dealing with
Bernstein basis polynomials from our previous work, which are then used in Sect. 8
to develop algorithms for efficiently computing all of the various quantities needed
for a finite element analysis and evaluation of the resulting approximation. Sect. 9
describes a nodal basis for the approximation space. Finally, the approximation
power of our spline space is treated in Sect. 10.

§2. Partitions

We begin by specifying precisely what is meant by a hexahedron, a pyramid and
a tetrahedron in the context of hybrid finite element partitions. While the cases
of tetrahedra and hexahedra contain no surprises for the seasoned finite element
analyst, the situation for pyramids is less straightforward.

2.1 Tetrahedra

A tetrahedron with vertices vq,...,vs is a polyhedron with four triangular faces.
We write T' = (v1, va, U3, V4).



2.2 Hexahedra

An ordinary hexahedron is a polyhedron with eight vertices and six flat quadrilateral
faces. We follow the usual practice of allowing hexahedra whose faces are not
necessarily flat, see e.g. [14]. The precise definition makes use of the linear Bernstein
polynomials By(A) =1 — X and B;(\) = A defined on [0, 1], with Hy being the unit
cube [0, 1]3.

Definition 2.1. Given eight distinct points {v;;x}o<i jx<1 in IR?, let

Sr(M, A2, A3) = Y oieBi(M)Bj(A2) Bi(Xs), (2.1)

0<i,j,k<1

and let H = ¢y (Hy). Suppose that ¢y is a one-to-one mapping from Hy to H,
i.e., it is invertible on H. Then we call H a hexahedron.

We note that a hexahedron as defined here is not necessarily convex. Mappings
of the form (2.1) are called trilinear maps and are not necessarily invertible for every
location of the points {vi;x }o<i,j,k<1. We shall not dwell on this point, but refer the
curious reader to [20] and references therein for conditions guaranteeing invertibility.
Clearly, the vertices of Hy map to the vertices of H, and the edges of Hy map to
the edges of H, which are easily seen to be straight lines. The faces of Hy, which
correspond to setting one of the variables in ¢y to either zero or one, map into
bilinear surface patches with four straight line edges. We call these the faces of H.
Thus, for example, the face corresponding to A3 = 0 is

F::{ S UZ-]-OBZ-(Al)Bj(AQ):(Al,Ag)e[0,1]2}. (2.2)

0<i,j<1

In general, bilinear surface patches are curved. A face of H is flat if and only if
its four vertices lie in a plane. If all faces of H are flat, then H is an ordinary
hexahedron.

2.3 Pyramids

An ordinary pyramid is a polyhedron with four triangular faces and one convex
quadrilateral (planar) face. Existing work on pyramidal elements is generally con-
fined to the case of ordinary pyramids which, in turn, can only be attached to
ordinary hexahedra with flat faces. However, it is of considerable practical impor-
tance to allow for pyramids to be attached to hexahedra of the type defined above.
Consequently, we are obliged to consider a more general class of pyramids whose
bases are allowed to be bilinear Bézier patches.

Definition 2.2. Suppose

Gp = {(]_—)\1>(1—>\2>UQ+>\1(1—>\2)U1+(1—)\1>>\2/U3+)\1)\QU4 : (/\1,/\2) S [O, 1]2},
(2.3)



Fig. 1. A typical pyramid: see Definition 2.2.

is a nondegenerate bilinear Bézier patch in R® without self-intersections. Given a
point vy € R3, let P¢ be the polyhedron obtained by taking the convex hull of the

points vg, . ..,v4. Suppose vy is not in the convex hull G of the points vy, ..., vy,
and is such that (vg, vy, v2), (v, v2,vs), (Vo, V3, vs), (Vg,vs,v1), are nondegenerate
triangular faces of P¢. We define a pyramid P associated with the vertices v, . . ., V4

to be the unique bounded, simply connected domain in R? whose boundary is given
by the above triangles and the patch Gp.

Fig. 1 shows a typical pyramid. Note that vy cannot lie on the bilinear patch
G p because Gp is contained in G. The points vy, ...,v4 form the vertices of the
pyramid P which has: eight edges, each of which is a straight line segment; four
triangular faces, each of which is planar; and a base, comprising of the bilinear patch
Gp. The base Gp need not necessarily be planar, which means that although the
pyramid P may not be convex, it is contained in the convex set P¢. If Gp is a
convex planar quadrilateral, then P is an ordinary pyramid.

2.4 THP partitions
We can now define the class of hybrid partitions that will be considered.

Definition 2.3. Suppose we are given a collection A\ of elements (tetrahedra, pyra-
mids, or hexahedra) such that if any pair of elements have a nonempty intersection
I', then I' is either a single common vertex, a single common edge, or a single
common face of both elements. We assume that no faces of a pyramid are shared
with another pyramid or with the boundary of (). Suppose also that the union )
of the elements is a simply connected closed set in IR®. Then we say that A is a
Tetrahedral-Hexahedral-Pyramidal (THP) partition.
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Since a nondegenerate bilinear patch cannot coincide with a triangle, the inte-
rior faces of /A are either triangles shared by two tetrahedra or a tetrahedron and
a pyramid, or are bilinear patches shared by two hexahedra or a hexahedron and a
pyramid.

Note that the restriction for the pyramids to share no faces with other pyramids
or with the boundary is consistent with the typical usage whereby pyramids are
used as an interface element between sub-regions meshed using purely tetrahedral
and hexahedral elements.

The next step is to define an approximation space on a THP partition A
consisting of C° functions on  whose restrictions to the elements of A are either
polynomials or simple maps of polynomials. These restrictions are often called shape
functions in the finite element literature. However, it turns out to be impossible
to require the shape functions associated with pyramids to be polynomials, see
Remark 3. To overcome this problem, we shall not work directly with the THP
partition A, but shall instead introduce a special refinement obtained by splitting
pyramids into so-called interface tetrahedra.

2.5 Splitting a pyramid

Suppose P is a pyramid with vertices vy, ..., vs, where vy,...,v4 are the vertices
of the base Gp defined in (2.3), enumerated in clockwise sense along the boundary
of Gp as viewed from the apex vg. Set vp = vy + v4 — v1 — v3, and define interface
tetrahedra as follows:

P = ¢P1 (T0)7 Py = ¢P2 (T0)7

where
¢p1 (/\1, )\2, /\3) = /\1U1 + )\21]3 + )\31]2 + )\41)0 + /\1)\21)19, (2 4)
Op, (A1, A2, A3) == A1v1 4+ Aav3 + Agvg + Agvg + A1 Agvup, .
with
A=1—-X1 — X2 — A3,
and

To = {(M1, A2, A3) €R¥ : A1, Ag, A3 > 0 and Ay + Ao + A3 < 1}, (2.5)

The invertibility of the mappings, as in the case of hexahedra, is a non-trivial
issue. Nevertheless, it is of practical importance to establish conditions for the
invertibility of the mappings in (2.4) for a given pyramid, and it is to this issue
that we now turn.

Lemma 2.4. Suppose that the points v, ...,vs € R do not all lie on one plane,
and let vy = vo+a (v —vg)+ae(va—vo) +as(vs—vg). The mapping ¢p, : To — Py
defined in (2.4) is invertible if and only if &y > 0 and ag > 0.

Proof: Although the lemma could be derived after a close examination of the proof
of Theorem 2.1 in [19], we give a short proof. We can rewrite

dp, (A1, A2, A3) = v + (A1 + S1idiA2)o1 + (A2 + BsAiA2)os + (Mg + B2 A1 A2)02,
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where g; = V; — Vg, ﬁz = — 1, and )\1,)\2,)\3 > O, )\1 + )\2 + )\3 < 1. Since the
vectors o1, 09, 03 are linearly independent, it suffices to consider the invertibility of
the mapping

A A1+ BiAi A2
)\2 — /\2 + 63)\1/\2 . (26)
A3 A3 + BaA1 Ao

The Jacobian of the mapping is given by 1+ 81 A2 + B3A1, which is positive for all
admissible A1, A5 if and only if a1, a3 > 0. The statement now follows from the fact
that the invertibility of a multilinear mapping on a set with constant second order
derivatives on the boundary is guaranteed if its Jacobian is positive, see the proof
of Theorem 37.2 in [12] and page 665 of [19]. O

The next result gives equivalent conditions for the invertibility of the map-
pings (2.4) in a more readily verifiable form.

Theorem 2.5. Let vg,...,vs be any points in R®. Assume that the bilinear
patch Gp defined by (2.3) is nondegenerate and has no self-intersections. Then the
following conditions are equivalent:

A) The patch Gp and the vertex vy form a pyramid.
B) Both mappings ¢p, and ¢p, defined in (2.4) are invertible.

C) Let 04 = ayo1 + aa09 + 3o, where 0; :=v; —vg, i =1,...,4. Then ay > 0,
az > 0 and ag < 0.

D) a) vy can be separated from vy, . ..,v4 by a plane, b) the plane through vy, vy, v3
separates vo and vy, and c) the plane through vy, v, vy separates vy and vs.

Proof: A < C. If A holds, then the four vertices vg, v1,v2,v3 cannot be copla-
nar (since the triangles (vg,v1,v2) and (vg,ve,vs) are the faces of a polyhedron),
and thus o1, 03,03 are linearly independent and o4 can be written as their linear
combination. The triangle (vg, va, v3) is a face of the polyhedron P¢ formed by the
convex hull of vg,...,vs if and only if v; and v4 lie in the same half-space defined
by the plane through vg, v, v3, which is equivalent to the condition that a; > 0.
Similarly, (vo, v1,v2) is a face of P¢ if and only if ag > 0, (vg, v3,v4) is a face of P°¢
if and only if ajay < 0, and (vg, vy, v1) is a face of P¢ if and only if asas < 0.

B < C. By Lemma 2.4 the pair of inequalities a; > 0, ag > 0 is equivalent
to the invertibility of ¢p,. By writing oo = —g—ial + 0%04 — 3—203, and applying
Lemma 2.4 again, we see that the invertibility of ¢p, is characterized by —g—; > 0,
—g—z > 0, and thus both ¢p, and ¢p, are invertible if and only if oy > 0, ag > 0,
ag < 0. Note that B < C also follows from Theorem 2.1 in [19] whose formulation
uses the coefficients of the vector vy — vy in terms of v; — vy, ¢ = 0,1,3, in our
notation.

C < D. We first note that b) is equivalent to ay < 0 since (04,071,03) =

as(09,01,03), where (a,b,c) = a - (b x ¢) denotes the scalar triple product of
three vectors. Moreover, from (o1,02,04) = a3(01,02,03) and (03,092,04) =
a1(03,09,01) = —ay(01,09,03) it follows that c) is equivalent to ajas > 0. Now,
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a) is equivalent to vy ¢ (v1,...,v4), and, on the other hand, to the existence of a
vector v such that the inner products (v,0;), i = 1,...,4, are all positive. Since
(v,04) = a1 (v, 01) +aa(v, 02) +as(v, 03), we conclude that at least one of oy, g, ag
must be positive. O

The interface tetrahedra P; and P; are each images of the reference tetrahedron
Ty under an invertible quadratic mapping. As such, they are quadratic tetrahedral
Bézier volumes, see e.g. [17], with control points located at the vertices and at
the midpoints of the straight line segments between vertices, with the exception of
(v1,v3) whose midpoint is replaced by (vs + v4).

We refer to P, and P, as interface tetrahedra, although strictly speaking they
are not tetrahedra since they have two curved faces. More precisely, P; has the two
triangular faces (vg,v1,v2) and (v, ve,vs), while P, has the two triangular faces
(vo,v3,vq) and (vg,vy4,v1). Moreover, P, and P, share the common face

Fp = {)\1111 4+ AUz + Avg + M Agvp t AT F Ao+ g =1, A, Ao, A > O}
This is a quadratic triangular Bézier patch. Clearly,

P, | {rs=0} = OPy|{rs=0} (2.7)
The fourth face of P; (corresponding to Ay = 0 in (2.4)) is given by
Fy = {(1=X1)(1 = X2)va + A1 (1 — Ao)vg + (1 — Ap)Agus + A1 Aavs )y (2.8)
while the corresponding face of P is
Fy :={(1=X1)(1 = X2)vg + A1(1 — Xo)vg + (1 — Ap)Agus + A Aava ). (2.9)

These faces are both quadratic triangular Bézier patches. The union of F; and F»
is the base G p of the pyramid P. Clearly, P, and P> define a refinement of P, i.e.,
P =P, UP, with PN P, = Fp. Fig.2 shows a typical split of a pyramid into two
interface tetrahedra.

The inverse of the mapping (2.6) can be easily evaluated. Indeed, let u; =
A1+ BiAide, po = Ao + B3A1 Ao, u3 = A3 + BaA1 A, Then A; is a solution of the
quadratic equation

BaAT + (81 + Brpa — Bap) A — Bipa = 0,

whereas Ao = g — &(,ul — A1), A3 = p3 — BaA1Ae. The coefficients (1, B3 can

B
be obtained directly from the coordinates of the vertices by using the formulae
1 = (04,02,03)/(01,02,03) — 1, B3 = (01,02,04)/(01,02,03) — 1. This inverse
mapping can be used to determine in which of the two interface tetrahedra a given
point x € P lies.



Fig. 2. A typical split of a pyramid into two interface tetrahedra.

2.6 Attaching a pyramid to a hexahedron

Consider a face F' of the hexahedron H = ¢y (Hy), and suppose without loss of
generality that F' corresponds to A3 = 1, and thus has vertices v1 = v191, V2 = vgo1,
v3 = vo11, and v4 = v111. Then

F = {(1 — )\1)(1 — )\2)112 —l—)\l(l — )\2)’01 + (1 — )\1))\2’03 + )\1)\2’04 : ()\1, )\2) c [O, 1]2}.

Let P be a pyramid whose base is defined by these four vertices, i.e., attached to
the top of H. Suppose P; and P5 are the two associated interface tetrahedra. Then

PH {22, 1): M+2a <1} = PP {(A 1, A2, 1= A1 —X2,0): A1 FAa<1}- (2.10)

i.e., the face F; of Py corresponding to Ay = 0, see (2.8), lies on the part of the
face F' of H corresponding to A\, Ao > 0 with A\ + Ao < 1. This is a quadratic
triangular Bézier patch with the two straight edges (v, v1) and (v, v3), and a third
edge which is the quadratic Bézier curve

S(A) := N2v1 + A1 = N)(v2 +v4) + (1 — N)?vs, 0< A<,

with control points vy, (va + v4)/2, vs.

We call the curve § a hanging edge of the refined partition since it lies in the
interior of a face of a hexahedron and as such does not match with any edge of
the neighbouring element. The face F; also lies on F', and is a triangular Bézier
patch with two straight edges (v4, v1) and (v4, v3), and the third edge §, such that
F = Fy, U F,. In addition, similar to (2.10), the mappings ¢y and ¢p, can be
identified on the other half of F'. Note that a pyramid could equally well be split
with 6 running from v, to v4 instead of from v; to vs.
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2.7 Refining a THP partition

Given a THP-partition A, let A be a refinement obtained by splitting each pyra-
mid into two interface tetrahedra. This eliminates the pyramids, and the elements
of this partition are now either tetrahedra or hexahedra, where a tetrahedron can
be either an ordinary tetrahedron or an interface tetrahedron.

Effectively eliminating the pyramids comes at the price that the partition now
contains hanging edges, and some of the edges of Ar may be curved, namely, the
hanging edges which arise when we split pyramids.

There are three kinds of faces of Ag.

1) The planar triangles which originally were faces of the initial THP partition
A. All of the faces of ordinary tetrahedra are triangles, as are two of the faces
of each interface tetrahedra. They can be on the boundary of €2, or can be
shared by two tetrahedra.

2) The quadratic triangular Bézier patches which arise in splitting pyramids.
Each interface tetrahedron has two of these. They can be the common face of
two interface tetrahedra, or can lie in the bilinear face of a hexahedron.

3) The bilinear patches which were faces of the hexahedra in the initial THP
partition A.

Note that faces of type 2 can lie in faces of type 3.

§3. The approximation space

Given an integer d > 0, let Py be the usual space of trivariate polynomials of total
degree d, and let Q4 be the space of trivariate tensor-product polynomials of degree
d in each coordinate. For each hexahedron H of AR, let

Pr = {po ¢y :p€ Qu},

and for each interface tetrahedron T of AR, let

Pr:={po gb;l :p € Pagl-
Then we define

SIHA) := {5 € C%Q) : s|g € Py for each hexahedron H of Ap,
s|p € Py for each ordinary tetrahedron T' of Ap,

s|r € Pr for each interface tetrahedron 7" of Ag }.
(3.1)
Clearly, S(A) is a finite dimensional linear space. We give a formula for its di-
mension in Sect. 6. It may be regarded as a kind of spline space in the sense that it
consists of piecewise functions defined on the partition A which are joined together
with C° continuity.



§4. Bernstein-Bézier shape functions

In this section we describe the shape functions for the space S(A). First we intro-
duce some notation.

4.1. Notation

We use standard multi-index notation. Thus if v = (v1,...,vy) € ZY is a set of
. . . m
nonnegative integers, we write |v| = Y., v;, and define

vi=uv! oy,

and (y 4 u) (v + p)!

14 v! !

The inequality ¥ < p means that v; < p;, @ = 1,...,m. We need the following
index sets
0 ={v e ZT"  |v| = n}

and
Ty = {(i, k) € ZY si<n, j<m, k< ()

Given d > 0, we describe some convenient basis functions for the spaces P},
P32, and P3 of polynomials of total degree at most d in one, two, and three variables.
First, for an interval I := [0, 1], we define the classical Bernstein basis polynomials

of degree d as
d! o
d7I L .. d
Now suppose F' = (v1,v92,v3) is a triangle with vertices vy, v9,vs, and let d
be a positive integer. Given any point v € R?, let (A1, A2, A3) be its barycentric
coordinates relative to F', i.e., v = Ajv1 + - - - + A3v3. Then the associated bivariate
Bernstein basis polynomials are defined to be

o -
Bit O s) i= s MMM, (05,k) € T4, (4.2)

These functions form a basis for P3, and and have many attractive properties
that can be exploited for stable and efficient computation, see [21]. In particular,
on F they are nonnegative and form a partition of unity.

We can define trivariate Bernstein basis polynomials in a similar way on a tetra-
hedron T = (v1,va,v3,v4). Given any point v € R?, let (A1, A2, A3, \4) be its
barycentric coordinates relative to T, i.e., v = Ajvy 4+ - - - + A4v4. Then the associ-
ated trivariate Bernstein basis polynomials are defined to be

d! o .
B (M1, A2, A, As) :=WMA§A’§AZ, (i,4, k1) € I5. (4.3)
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These functions form a basis for P3, and also have many nice properties, see [21].
In particular, on 7" they are nonnegative and form a partition of unity.

We shall also make use of tensor-product Bernstein basis polynomials. In two
variables we define them by

Bii™ (A1, A2) i= B (M) B"(A2), (A1, A2) € [0,1]%, (4.4)
for 0 <7 <nand 0 <j <m. In three variables we define them as

B (M, Ao, Ag) == BP (M) B (A2) Bi(Xs), (A1, Ao, As) € [0, 1%, (4.5)
for0<i<n,0<j<m,and 0 <k < /.

We are now ready to define shape functions for the three kinds of elements
contained in Ag.

4.2. Shape functions for an ordinary tetrahedron

Let T := (v1,v2,v3,v4) be a nondegenerate ordinary tetrahedron. For each point
ve R, let (A1, A2, A3, A4) denote its barycentric coordinates relative to 7', and set

Ui (0) = Bl (M, A, ds M), (65 k1) €T3, (4.6)
where Bidj’,?l are the Bernstein basis polynomials defined in (4.3).
Instead of indexing the shape functions as in (4.6), for later use it is convenient

to introduce an alternative indexing scheme used frequently in the spline literature,
see [21]. Given T and d as above, the set of associated domain points is defined as

ivl + jUQ + kvg + ZU4}
d itjthk=d

d’T . —_—
Dg,r = {fijkz =

For each & = SZT]M € Dy, we now set ¢g’T = ¢Z’,{l Then for any s € SI(A) we
can write
4,7
slr = Z cg Ve (4.7)
£€Dy,r

We call the coefficients cg the B-coefficients of s|r.

4.3. Shape functions for a hexahedron

Let H = ¢n(Hy) be a general hexahedral element as defined in Sect. 2. If H
is a rectangular box with edges parallel to the axes, we can use tensor-product
polynomials for the shape functions associated with H. For general H, we map
back to Hy using the inverse of the map ¢py. In particular, we define the shape
functions associated with H to be

P (v) == BEE (gt (v),  0<i,5,k <d, (4.8)

ijk ijk
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where B;Z]?Z’d are the tensor-product Bernstein polynomials defined in (4.5) on Hy =
0, 1]3.

Just as was done for tetrahedra, we would like to index these shape functions
using certain domain points. Let

Dapy = {€11° = (i/d,j/d, k/d): 0 <4, j,k < d}.

ijk

Then we define the domain points associated with H as Dy g = ¢u(Dg m,). Note

that these points are in H, not in Hy. In this case we write 1/1?’H = 1/157,? whenever

§= fg’f For any s € Sg(A), we can now write

sly=>_ cf pit. (4.9)

We call the coefficients c? the B-coefficients of s|g.

4.4. Shape functions for an interface tetrahedron

Suppose P; and P, are the interface tetrahedra associated with a pyramid P. Now
for each v € Py, we define

Yo (v) =B (6p (0),  (i,4.k,1) € T3, (4.10)

where B?Jdkl are the trivariate Bernstein basis polynomials of degree 2d associated
with the reference tetrahedron T defined in (2.5). Instead of indexing these shape
functions with integer subscripts, we can follow the idea of Sect. 4.2 and index
them with the set of domain points Dag p, := ¢p, (D24,1,). Then for any spline
s € SY(A), we can write

slpy = > et (4.11)

£€D2q4,p,

We call the c? ! the B-coefficients of s|p,. Shape functions and domain points for
the interface tetrahedron P, can be defined in exactly the same way.

§5. Domain points and a minimal determining set for SJ(A)

The concept of domain points and minimal determining sets is frequently used in
the analysis of splines, and play a similar role to the notion of degrees of freedom
in the finite element community. Let A be a THP partition, and suppose Apg is
its refinement as defined in Sect. 2.7. We define the set of domain points Dy A,
associated with A to be the union of the sets of domain points associated with
the elements of A g, but with no repetitions. To describe Dy A, more precisely, we
need some additional notation:
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Fig. 3. Domain points associated with an interface tetrahedron attached to the
top of a hexahedron.

1) For each vertex v, let D, = {v}.

2) For each edge e, let Dy . be the set of d—1 equally spaced points in the interior
of e.

3) For each triangular face F' of an ordinary tetrahedron 7', let D . be the set

of (dgl) domain points in Dy 7 lying in the interior of F.

4) For each face F' shared by an interface tetrahedron T with another interface
tetrahedron, let D5, . be the set of (Qd_l) domain points in D, , ~ lying in the

2 2d,T
interior of F'.

5) For each bilinear face R of a hexahedron, let Dy 5 be the set of (d— 1)? domain
points in Dg g lying in the interior of R.

6) For each ordinary tetrahedron T, let Dg r be the set of domain points in Dy,
that lie in the interior of T'.

7) For each interface tetrahedron f, let D;d ~ be the set of (ng_ 1) domain points

)

n DQd,f that lie in the interior of 7.

8) For each hexahedron H, let Dy ;; be the set of (d — 1)? domain points of Dy g
that lie in the interior of H.

The superscript circles in this notation are to remind us that the points in the
corresponding sets are in the interiors of the indicated domains.

To help understand where these points lie, in Fig. 3 we show an interface tetra-
hedron T joined to the top of a hexahedron H. For d = 2, there are nine domain
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points lying on the top face of the hexahedron: these are shown as blue dots, and
belong to Dy . Assuming this configuration is connected to an ordinary tetrahe-
dron on the left and on the back, we can think of the six blue dots on the left and
back triangular faces as belonging to sets of the form Dy 7. For the curved face
F' of this interface tetrahedron, there are three points in the set D5,  — these are
shown as red diamonds. Finally, there is one point in the set D;’d% — it is also

shown as a red diamond. Four red networks in the interface tetrahedron indicate
the positions of the domain points in D, , =.

Let V and € be the sets of vertices and edges of A. In addition, let Fp be
the set of faces of ordinary tetrahedra, and let F; be the set of faces shared by two
interface tetrahedra. Let Fr be the set of all bilinear faces of A. Finally, let H, To,
and 77 be the sets of all hexahedra, ordinary tetrahedra, and interface tetrahedra

of AR, respectively. We now define

Dan= D, u D50 | Diru | Dsaru |J Dir

veY e€€ FeFo FeFr ReFRr (5.1)
[e] [e] [e] ’
u U oiru U Dy = U U D5
TeTo TeT; HeH
The sets in (5.1) are pairwise disjoint. We can also write
,Dd7A = U ng,F U U Dd,T U U ID;d%’ U U Dd,H7 (5 2)

FeFr TeTo TeT; HeH

with the proviso that repeated points should be identified as a single point in the
set.

We now describe how to parametrize a spline s € S9(A) in terms of the
coefficients of the expansions of Sect 4. The following definitions follow standard
spline usage, see [21].

Definition 5.1. For each point £ € Dy a, pick some element E € AR containing
&, and let c¢ be the coefficient associated with the domain point £ in the shape-
function expansion of s on E. Then we call {c¢}eep, , the set of B-coefficients of
s. A set M C Dy n is called a determining set for S(A\) provided that if we set
ce = 0 for all § € M, then s = 0. Moreover, if M is a smallest such set, it is called
a minimal determining set for SY(A).

The minimal determining set is important in practical finite element analysis
because it may be identified with the global degrees of freedom in the finite element
space.

Theorem 5.2. The set M := Dy a,, is a determining set for S9(A).

Proof: Let s € SY(A), and suppose we assign a value of zero to all of the B-
coefficients associated with domain points in M. Let H be a hexahedron. Then
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since M contains Dy g, it is clear that s|y = 0. Similarly, if 7" is an ordinary
tetrahedron, then since M contains Dy, s|r = 0. Now consider an interface
tetrahedron T. We already know that s vanishes on the triangular faces of T
where T joins an ordinary tetrahedron. It also vanishes on the face that lies in
a neighboring hexahedron. Now if I is the Bézier patch forming the boundary
between 1" and another interface tetrahedron, then M contains Dyg r, and so s
also vanishes on this patch. We can now conclude that s also vanishes on all of T
since de: CM. O

Theorem 5.3. The set M is a minimal determining set for S9(A).

Proof: We show that the set M is consistent in the sense of Definition 5.14 of [21],
i.e., if we fix the coefficients {c¢}eca, then all pieces of s are uniquely determined
and join together with C° continuity. Suppose H is a hexahedron. Then since we
have set the coefficients associated with all of the domain points at the vertices,
edges, and faces of H, as well as those in the set Dj ,;, it follows that s is uniquely
defined on H by the expansion in (4.9). Similarly, if T is an ordinary tetrahedron,
then since we have set the coefficients corresponding to all of the domain points in
T, we see that s is uniquely defined on T" by the expansion (4.7).

Suppose now that T is an interface tetrahedron, and let F' be a triangular
face of T shared with an ordinary tetrahedron 7I'. Then we have already set the
coefficients of s corresponding to domain points in Dy N F. But using degree
raising, this uniquely determines the coefficients of s corresponding to the domain

points in D, , =N F', and by C? continuity these values are consistent. Now suppose

F is the face of T which lies on the face R of a hexahedron H. We already know
the coefficients of the bivariate d x d tensor-product polynomial s|g o gb;Il. Using
Lemma 7.2 below, these can be uniquely expressed as coefficients of a polynomial
of total degree 2d, and so the coefficients of sz associated with F' are determined

by C° continuity. We have shown that all B-coefficients of s 7 are consistently
determined. O

§6. A dimension formula and a basis for SJ(A)

Our next result gives a formula for the dimension of the finite element space S9(A)
in terms of the following combinatorial quantities associated with the partition:

ny := number of vertices,

ng := number of edges,

nr := number of ordinary tetrahedra,
np := number of pyramids,

nyg := number of hexahedra.
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Theorem 6.1. For any d > 1,

ng :=dimS(A) = ny + (d — Dng + [4<d; 1) + (dgl)}nT

.\ [<2d2— 1) . 2<2d3— 1)}7“3 n [6(61 —1)2 4 (d— 1)3] .

Proof: The fact that M is a minimal determining set for SY(A) implies that
dim 8%(A) = #M, which is easily seen to be given by the formula in (6.1). O

(6.1)

We now describe a basis for S(A) that is suitable for the finite element imple-
mentation. For any domain point £ € M and any spline s € SY(A), let A\es = c,
where c¢ is the B-coefficient of s associated with . Then it follows from the fact
that M is a minimal determining set that for each £ € M, there exists a unique
spline ¢ € SY(A) such that

>\7777Z)£ = 5.5,777 all n e M. (6.2)

This expression is reminiscent of the Lagrange bases commonly used in low order
finite element approximations. Indeed, one will not go far wrong in thinking of
the Bernstein-Bézier basis in this fashion, but it is important to realize that the
B-coefficients do not correspond to the values of the function at the corresponding
domain points.

Theorem 6.2. The set ¥ := {¢¢}¢cr is a basis for SY(A). Moreover, for each
£ € M, the support of \¢ is given by

o(1¢) = the union of all of the elements of A\ that contain the point &.

Proof: The splines in ¥ are clearly linearly independent in view of the dual prop-
erty (6.2). Now if €, is a hexahedron or ordinary tetrahedron that does not contain
&, then all of its coefficients must be zero, and so ¥¢|o, = 0. If Q is an interface
tetrahedron which is not part of a pyramid containing &, then v¢¢|o, = 0. This
establishes the result on the supports. O

The basis functions in this theorem all have small supports, which ensures that
the standard finite element sub-assembly procedures remain efficient. For example
if £ is at a vertex of A, the support of 1)¢ is just the collection of elements sharing
that vertex. Similarly, if £ lies in the interior of an edge e of A, we get the collection
of elements sharing that edge. If £ lies in the interior of a face shared by a pair
of elements, the support is just the set obtained by taking the union of those two
elements. Finally, if £ is in the interior of a hexahedron, an ordinary tetrahedron
or a pyramid, the support is just that single element of A.

Note that the domain points in Dg 1 for an ordinary tetrahedron 7', Dy 7 for
an interface tetrahedron T, or Dy g for a hexahedron H can be identified with the
local degrees of freedom of the corresponding element. The set M can be identified
with the global degrees of freedom of SY(A).
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§7. Computing with Bernstein basis polynomials

We now turn to the issue of how the basis developed in the previous section lends
itself to effective algorithms for the computation of the various entities needed for
the finite element analysis. We shall be particularly interested in the dependence
of the complexity estimates on the polynomial degree d.

7.1. Degree raising

One attractive property of the Bernstein-Bézier basis is a simple formula for ex-
pressing a polynomial of degree d as a combination of Bernstein polynomials of
degree d + 1, a process known as degree raising in the spline literature.

Lemma 7.1. Let F' be a triangle, and suppose p is a bivariate polynomial of degree
d with B-coefficients {c;; }i+j+k=d. Then p can be rewritten as

. d+1,F
b= E CijkBZ'jk )
(i,5,k) €Iy

where . _
- 1Ci—1,jk T JCij—1,k + KCijr—1

- d+1 :

Cijk =

(3,7, k) € I3+, (7.1)

For a proof, see Sect. 2.15 of [21]. This result can be interpreted in terms
of matrix multiplication. Suppose we insert the B-coefficients c;;; and ¢;; in the
above lemma into vectors ¢ of length n and ¢ of length n, using the lexicographical

order. Then there exists a (d-g?)) X (d42'2) matrix R%4t1 such that

¢ = Rb4t1c,

This matrix is sparse since each row contains just three entries corresponding to
the factors appearing in (7.1). For example, in the lowest order case,

O OO en M
O O i O
— o O OO

More generally, one can apply degree raising to a polynomial of degree n to
any higher degree m through a succession of single degree raises, corresponding to
multiplication by the matrix

R™™ = RMTLm L gt (7.2)
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It is straightforward to precompute and store R™™, see Remark 12, so that
¢ = R™™c can be computed from ¢ by matrix multiplication. However, a simple
count shows that for large m — n it is more efficient to compute ¢ by repeated
use of the formula (7.1), or equivalently by repeated multiplications by the sparse
matrices R»**! appearing in (7.2). Indeed, we note that the number of nonzeros in
any row of R™"** is equal to #Z%, which is three in the case £ = 1 corresponding

to a single step of degree raising by one. The sparse matrix-vector multiplication
R™"* ¢ costs

2\ ({42 1 3
HTD - HTE = <n;— ) < ; ) = Zn2€2 + Z(n2€+ nt?) + O(n? + nl + 1?)
floating point operations (counting only multiplications) if done directly. However,
it is performed more efficiently for large ¢ if replaced by ¢ multiplications by the
sparse matrices R**1, i = n,...,n 4+ ¢ — 1, that is by the step-by-step degree
raising, with total cost

; ”if (222) :3<n—|—§+3) _3(71;—3)

i=n-+1

1

= U+ E+2)(n+£+3) + (n+1)(2n + £+ 5)]
1

= §£(3n2 + 30l + %) + O(n?* +nl + (%),

The same count applies to (R™"**)tc computed as (R™" 1)t ... (RrH-Inthtc,
For present purposes, we need to degree raise a polynomial written as a com-
bination of Bernstein polynomials of degree d relative to a face F' of an ordinary
tetrahedron, to obtain its coefficients as a combination of Bernstein polynomials
Bfﬁ;F of degree 2d relative to F' considered as a face of a neighboring interface
tetrahedron 7"
Lemma 7.2. LetT be an ordinary tetrahedron that shares a triangular face F' with
an interface tetrahedron T'. Suppose we insert the B-coefficients of s corresponding

to the domain points in Dy p = Dgr N F into a vector ¢ := (ci,...,cy), where
n = ("4?). Let ¢ := (¢1,...,¢5) with i := (*’}?) be the coefficients of 8|7 € Paa
corresponding to domain points in Dag p = DQd 7N F'. Then there exists ann X n

matrix Uy such that
c= Ud C. (7.3)

Proof: The matrix Uy can be obtained from R%?¢ after permuting its rows and
columns to take account of the ordering of the coefficients. O

It follows from the above that if we multiply the matrix Uy or (Uy)! directly
with a vector, then the cost is %d‘i + %d?’ + O(d?) operations. If we instead perform
step-by-step degree raising, then the cost is %d?’ +O(d?). A more precise operation

count shows that the break even point occurs when d = 10.
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7.2. Conversion from tensor-product to total degree form

We also need to express a tensor-product polynomial of degree d associated with a
bilinear face R of a hexagon as a combination of the Bernstein polynomials of degree
2d associated with the bottom face F' of an interface tetrahedron. The following
lemma can be used for this conversion, compare [16]. Suppose BZ-’S are the tensor-
product Bernstein basis polynomials on [0,1]?, see (4.4), and let B = BLTFO,
= (u1, p2, u3) € ZI* be the bivariate Bernstein basis polynomials defined by (4.2)
on the triangle F, with vertices at (1,0), (0,1), (0,0).

Lemma 7.3. For any positive integers k, s and any set of B-coefficients {c;; },

k s
- pk,s _ ~ k+s,Fo
D2 Bt =Y @B,

i=0 j=0 ekt
where
& = Z (ﬁ) eIk—Fs (7 4)
(2 (k+3) CE17H2—K27 1% 2 . .
NEIS k
<

Proof: We have

BES(N) = BEL, OB () = Y BEP () Y BR ().

N€I§ JEIS
K1=1i og=j
Using the product formula
Famr _ (") potmr
n, m,F __ v n+m, n m .
By B = GD By velIy weli, F any triangle, (7.5)
n
we get
K+o
Blﬁs _ Z ( K ) k+s,Fo
(/A (k+s) K+o
nezg,oezs k
K1=1,00=j
compare [16]. This leads to
k S (n+g)
k75 R K k+S,F0
2.2 Byt ) me aiy Bads
1=0 j=0 HGI%, o€l k

which implies (7.4). O

k,s

The conversion process for computing ¢ = (Cu)uez§+s from ¢ = (¢;5); = in

this lemma can be written in terms of matrix multiplication as
¢=Trsc

Y
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where

ks _ M:,’Z—m if K < p, where kK = (i, uo — j, k — i — s + j),
#o(i7) 0, otherwise,

and MP¥3 is the trinomial matrix whose elements are

k,s (OH—IB) k s
Ma:ﬂ ::(];+8) QEIQ, BGIQ, (76)
k

see Algorithm 5 of [3]. Note that the condition (i, s — j, bk — 1 — po + j) < p is
equivalent to

i<p <i+(s—Jj),

J <2 <j+(k—i).

By the proof of Theorem 3 of [3], the cost of Algorithm 5 of that paper for finding

Mk s
(k+1)(s+1) + 2(’“ ; 2) (S ;r 2) — O(k?s?).

Hence, by computing and storing M,’jgﬁ as the (k + o, (k1,02))-th entry of
Tk, for all k € T, o € T3, we get an O(k?s?) algorithm for computing 7%+
without storing M**. Since the number of nonzero entries in the column of 7%
corresponding to the pair (i, 7) is (s —j+1)(k —i+ 1), the total number of nonzero
entries in T%* is (k;rQ) (5"52) = O(k?s?).

As an example, we give the matrix T%! for converting from a bilinear tensor-
product polynomial on the square [0, 1]? to a bivariate polynomial of degree two on

the triangle Fy with vertices (1,0), (0, 1), (0, 0):

RO w;ac O
e o N e M)
COO O~
©C OO0 O ;O

2,F0 p2F p2F p2Fo p2F p2.F
where the rows correspond to B5y,°, Biio’s Bioi’s Boso’s Boii’, Boos', and the
1,1 pll pll pll . : . :
columns to By, , By, By, Bij - This can be easily checked either directly or by

the above formulae using

D5
1 5
D1

M=

R B

Lemma 7.4. Let H be a hexahedron that shares a face F' with an interface tetra-
hedron T'. Suppose we insert the B-coefficients of the tensor-product polynomial
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S| o ¢ € Qq corresponding to the domain points in Dg i lying in the face R of

H containing F into a vector ¢ := (c1,...,¢,), where n := (d + 1)2. Similarly, let
¢:=(é1,...,65) withn := (2d2+2) be the coefficients of the polynomial s|zo¢~ € Paq
corresponding to domain points in Daq,p = D, = N F. Then there exists a n x n

matrix Wy such that
c=Wye. (7.7)

Proof: We can take W to be a permuted version of T%%, where the permutation
depends on the ordering of the components of ¢ and ¢. O

This lemma involves converting a tensor-product polynomial of degree (d,d)
to a total degree polynomial of degree 2d. Since the sparse matrix Wy in (7.7) has
at most O(d*) nonzero entries, this requires O(d*) operations. The same operation
count obviously applies to the multiplication of (Wy)* with a vector.

7.3. Bernstein-Bézier moments

As with any projection method, the finite element method requires the computation
of moments of the data against the basis functions. Given a function f, its Bernstein-
Bézier (BB) moments [3] are defined as

W(f.T) = / BT (2)f(r)dr, v eTL,

T

for any tetrahedron 7', and as

0rmO(f, Ho) = / By (@) f (@) de, v T,
Hy

for the unit cube Hy = [0, 1]3.

Algorithms proposed in [3] (see Corollary 2 there) allow the computation of
the arrays {ud(f, T)},eza with O(d*) floating point operations, that is with O(d)
cost per entry. According to Theorem 6 of [3], the cost of computing the array

{0 (f, Ho)}, ¢ gnme is O(n?*ml+nm?C+ nml?).

§8. Use of SJ(A) in the FEM

The space SY(A) can be used for finite element analysis in the standard way,
which entails that the mass, stiffness matrices etc. of the basis functions ¢ of
Sect. 6 have to be computed, along with the corresponding load vector. The local
support property of the Bernstein polynomial shape functions means that the finite
element sub-assembly procedure can be applied, see e.g. [26,27]. The foregoing
properties might be regarded as a basic minimum for a basis. However, a crucial
advantage of the Bernstein shape functions, in comparison to the shape functions
of Lagrange or orthogonal polynomial type (see e.g. [18]), is the availability of
optimal algorithms for the assembly of the element level system matrices [3]. The
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resulting approximating spline s is represented in the computer by simply storing
its B-coefficients on all elements of Ag. This means that the evaluation of s, or its
partial derivatives, can be efficiently performed using the well-known de Casteljau
algorithm, see e.g. [21]. In particular, we can efficiently compute the gradient of s
by using sparse formulae for the gradients of Bernstein polynomials, see (8.9) and
(8.10) below.

8.1. Global-Local transformation

An important tool for the finite element implementation is that if ¢ is the global
vector of all B-coefficients of a spline s € S(A) corresponding to the domain points
in M, and ¢ is the vector of coefficients of the shape functions associated with the
individual elements of A g, then there exists an n x ng matrix A such that

c=Ac,

where ng = dim S§9(A) and 7 is the sum of the number of local degrees of freedom
in each element ignoring the continuity constraints between neighbouring elements:

2d
n:i= (dgg)nT-i—Q( ;B)np-i—(d-i—l)?’nH.

The matrix A is called the global-local transformation matrix. The columns of
A consist of the coefficients of the restrictions of the basis functions {t¢}ecr to
the elements of Ag, expanded into linear combinations of the shape functions.
In practice, the full matrix A is never constructed explicitly thanks to the block
structure A
A= :
AN)

where N is the number of elements and each block A®*) corresponds to the degrees
of freedom in an individual element ). For instance, each block corresponding
to a hexahedron H will have #D4 g = (d + 1)3 rows; blocks corresponding to an

ordinary tetrahedron will have #Dgy r = (df’) rows; and blocks corresponding to
an interface tetrahedron T" will have #D,, , = = (Qd; 3) TOWS.

For a partition comprising of purely tetrahedra or hexahedra, the blocks A*)
are Boolean matrices (composed of 0’s and 1’s). However, the presence of pyra-
midal elements, and the attendant splitting into interface tetrahedra, means that
the corresponding blocks are no longer Boolean. Nevertheless, it is not difficult
to assemble the matrix A (and hence the individual blocks) using the following
algorithm.

Algorithm 8.1. Assembly of the transformation matrix A.

1) Initialize A as an n X ng zero matrix.

22



2) For each column corresponding to a point & € M, insert 1 in that column in
all rows corresponding to &.

3) For each face F shared by an ordinary tetrahedron T € To and an interface
tetrahedron T € T;, write the entries of the matrix Uy appearing in (7.3)
into the rows of A corresponding to D, 0T N F' and columns corresponding to
MNOF =DygrNF.

4) For each face F' shared by a hexahedron H € H and an interface tetrahedron
T € T;, write the entries of the matrix Wy appearing in (7.7) into the rows of A
corresponding to DQd,f N F and columns corresponding to MNR =Dy xgNR,
where R is the face of H containing F'.

We reiterate that the explicit evaluation and storage of A is generally avoided,
see Algorithms 8.2 and 8.3 below. However, for expository purposes, we shall
discuss the full matrix A with understanding that, in the actual code, the matrix
is treated blockwise.

A basic operation used in the finite element analysis using our spline space
is the the computation of matrix vector products of the A and its transpose: Ac
and A'¢. These can be accomplished directly without assembling the full matrix
A as follows. We split the vector ¢ into blocks ¢(F) = {éék)}gep%, k=1,...,N,
corresponding to the elements 2 of Ag, with a local indexing within these blocks
by the domain points with

Dq, =

{ Dy, if Qf is either a hexahedron or an ordinary tetrahedron,
k

Daqq, if Qf is an interface tetrahedron.

For any K C , let é(Kk) = {éék)}gepgkm( and cx = {cebeemnk-

Algorithm 8.2. (Computation of ¢ = Ac.) Input: The vector ¢ = {celeem.
Output: The vector ¢ of length 7 split into blocks ¢(F) = {éék)}ge’l)nk ,k=1,...,N.
Forallk=1,...,N:

1) If Q, is a hexahedron or an ordinary tetrahedron, set ¢¥) = cq, .

2) If Qy, is an interface tetrahedron:

a) set é(Kk) = ck, where K is the interior of Q;

b) set ég];) = ck, where K is the interior of the face of )}, shared with another
interface tetrahedron;

c) for the face F' of Q) shared with a hexahedron H, set égf) = Wy cRr, where
R is the face of H containing F', and Wy is the matrix in (7.7);
A(k) _

d) for each face F of Q) shared with an ordinary tetrahedron, set ¢y’ =
Uqcp, where Uy is the matrix in (7.3).

The corresponding algorithm for the transpose reads as follows:
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Algorithm 8.3. (Computation of ¢ = A'¢.) Input: The vector ¢ of length 7 split
into blocks ¢F) = {éék)}ge’l)nk, k =1,...,N. Output: The vector ¢ = {c¢}eem.
Initialize ¢ as a zero vector of length n.

For all k =1,..., N such that ¢*) #£0:
1) If Qy is a hexahedron or an ordinary tetrahedron, set cq, = cq, + o(k),

2) If Qy, is an interface tetrahedron:

~(k)

b) set cx = cix + c( ), where K is the interior of the face of €, shared with
another mterface tetrahedron;

c) for the face F' of Qy shared with a hexahedron H, set cp = cr + Wd é%k),
where R is the face of H containing F' and Wy is the matrix in (7.7);

d) Let Fy and F» be the two faces of €y, shared with ordinary tetrahedra.
Let e; and e; be the edges they share with H, and let e be the common
edge of Fy, F5. Then set
dl) cp\e; = Cpy\e, + €1, Where ¢; is the vector obtained from Udcgf) by

removing the components corresponding to points in e;, where Uy is
the matrix in (7.3);
d2) cp,\(eues) = CFy\(eUes) T C2, Where C is the vector obtained from

a) set cx = cx + ¢y, where K is the interior of Qy;

U fié%z) by removing the components corresponding to points in eUes;

It is easy to see that Algorithm 8.2 involves at most O(Nd?) copying operations
and O(npd*) floating point operations. The computational cost of Algorithm 8.3
is O(d3(m+mpd)) operations (of which only O(mpd?*) are multiplications), where
m < N is the number of hexahedra and ordinary tetrahedra for which é*) # 0,
and mp < np is the number of pyramids with (k) # 0.

8.2. Computing the load vector

The load vector L generated by the basis functions {t¢}cc v, has the components

Le= /Q (@) f(z)dr, € M.

To compute it, we observe that

where

Yela, = Y AL WY k=1,...,N, (8.1)
(€Dgq,

lﬂ?’T if Q is an ordinary tetrahedron 7" € 7o,
1/1?’“ = ¢§d’T if Q is an interface tetrahedron 7" € 7Ty,

¢?’H if Qf, is a hexahedron H € H.
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This implies A
L=AL, (8.2)

where the vector L consists of the blocks ﬁ(k), kE=1,...,N, (element level load
vectors) with entries

i [ @@ e

Recall that the domain points ¢ € Dg, are indexed by the elements v of either
74 or Jg&, where d := (d,d,d). Therefore we also write IA/,(,k) = I:éﬁ) for the sake
of brevity. Using the mappings ¢ or ¢py (if needed), we obtain the following
representations for the entries of L(®), where in general for any mapping ¢, we
write Jy for its corresponding Jacobian matrix.

Lemma 8.4. (Element level load vectors.)
1) If Qy is an ordinary tetrahedron T' € To, then

LY = uy(£,T),  velj.
2) If Qy is an interface tetrahedron T' € Tr, then
LE = 124 f(pr)det Jyp, To), v e T3
3) If Qy is a hexahedron H € H, then
L® = ud(f(pn)det Jg,,, Hy),  veE TS

Proof: Consider the case where {2}, is an interface tetrahedron T" € 7;. Then

/T Y207 (1) f () dr = /T B2ET(0) f(6(A)) det Ty, (A) dA

— 124 (67) det Ty, Th).
The other cases are similar. O

Using this lemma, we can now formulate an algorithm for assembling the load
vector.

Algorithm 8.5. Assembly of the load vector L.

1) Use Lemma 8.4 to compute element level load vectors IA/("’), k=1,...,N, where
the BB-moments are obtained using Algorithm 3 of [3] for both ordinary and
interface tetrahedra, and Theorem 6 of [3] for hexahedra.

2) Compute L according to (8.2), using Algorithm 8.3.

Clearly, the computational cost of the first step of this algorithm is O(Nd*),
and that of the second step is O(d®(N +npd)), which gives the total cost as O(Nd?),
that is O(d) per component of L.
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8.3. Computing the mass matrix

The entries of the mass matrix M are given by

Mo = [ velapie(@)f(e) dn, €.CeM.

In view of (8.1), A
M = A'NA, (8.3)

where M is the block-diagonal 7 x n matrix
M = diag(MD ..., M),

whose blocks M*) are the element level mass matrices with entries
W i [ @ @@ s €< Da

Lemma 8.6. (Element level mass matrices.)
1) If Qy is an ordinary tetrahedron T' € To, then

M(k) _ (V—I'/_H) 2d (f T) e Id
vk (Qd) MV—’-H ’ ’ v, K 3
d

2) If Qy is an interface tetrahedron T' € Tr, then

= el (oo .1y, vzt
(20)
3) If Qy is a hexahedron H € H, then
(%)
()
where we recall that d = (d, d, d).
Proof: If Q, =T € Tp or T;, then

MV(]IZ) = Nzt—ikm<f(¢H) det J¢H7H0)7 v,k € de'

M%JW@WW@MLwdg
T
or, respectively,
MF) = / B2\ B2 () f(pr(N) det Jg.(N) dN, v,k € T2%,
To
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and the statements follow by the product formula

vtk
B"B™ = ((nim)) B vell, keI (8.4)

n

If Q. = H € ‘H, then
N = / BB f (6 (V) det Jo, (N dA, vk € T2,
Ho

and we use

B"B™ — (V—l’;”) (n+zl__:_ﬁ) pntm cJn cJm™ 0 (8 5)
v=e T (n+m) vtk v 3,k 3 - .

For the purpose of efficient implementation we make the following observation.

Lemma 8.7. The formula in part 3 of Lemma 8.6 can be written in the form

M) = 040 0 Ouy sy Ous s li2d, (F(om) det Ty, Ho), v,k € T, (8.6)
where v = (v1,v9,v3), kK = (K1, K2, k3) and

e
w G

0<n,m<d. (8.7)

The matrix ¢ can be easily precomputed with O(d?) cost. Its d? storage
requirement is negligible in comparison to the O(d®) storage of M®) or even the
O(d?) storage requirement of the moments p2%(f(¢x) det Jg,,, Hy). Thus, assuming
that the moment vector is known, M®*) can be computed according to (8.6) with
just three multiplications per entry.

Algorithm 8.8. Assembly of the mass matrix M.
1) Foreachk=1,...,N:

a) If Q. is an ordinary tetrahedron T € To, then use Algorithm 3 of [3] to
compute the BB moments p2¢(f,T), v € I2?, and assemble the element
level mass matrix M*) of Lemma 8.6 using Algorithm 6 of [3].

b) If Qy is an interface tetrahedron T € Ty, then use Algorithm 3 of [3] to
compute the BB moments p2(f(¢r) det Jy,., To), v € I3, and assemble
the element level mass matrix M® of Lemma 8.6 using Algorithm 6 of
[3].

c) If Qy is a hexahedron H € H, then use Theorem 6 of [3] to compute the
BB moments p23(f(¢g)det Jy,,, Hy), v € J22, and assemble the element
level mass matrix M*) of Lemma 8.6 using (8.6).

27



2) Compute M := A'M by applying Algorithm 8.3 to the columns of M. Note
that ¢(®) in the notation of that algorithm can only be nonzero if the current
column of M contains some entry of M®).

3) Compute M = (A*M?), of (8.3) by applying Algorithm 8.3 to the rows of M.
The vector &%) can be nonzero only if the current row of M corresponds to a
domain point £ in Q) if Qy is either a hexahedron or an ordinary tetrahedron,
or in Q,UR if Q. is an interface tetrahedron and R is the face of the hexahedron
containing a face of ().

The computational cost of the first step is O(Nd*) for the computation of
the moment vectors, and O(Nd®) for the element level mass matrices. The second
and third steps involve O(d"np) multiplications and O(d®(N +npd)) additions. If
npd = O(N), then the overall cost is optimal because the sparse matrix M has
O(Nd®) entries. The storage requirement is O(Nd°) for all element level mass
matrices, and O(Nd®) for the sparse matrices M and M. The moments need to be
stored temporarily in Step 1, but this requires only O(d?) storage space.

8.4. Computing the stiffness matrix

The entries of the stiffness matrix S are given by
Sec = | Ve F (@) V(o) o, €.Ce M,

where F : Q — R**? is a given matrix function and V (V) is the column (row)

gradient operator. Hence A
S = A'SA, (8.8)

where S is the block-diagonal n X n matrix S = diag(S’(l), ey g(N)), whose blocks
S(F) are the element level stiffness matrices with entries

Sep) = /Q k Vit () F(2) Vit (o) do, €, € Da,.

Lemma 8.9. (Element level stiffness matrices.)
1) If Qy is an ordinary tetrahedron T' € To, then

4 v—e;tk—e;
S — g2 Z ((2+Z))vt AL p2d2 e, (BT)VA], vk € 74,
1,7=1 d—1

where e; is the i-th unit vector in R*, and AP js the i-th barycentric coordinate
of x w.r.t. T'. Here we adopt the usual convention whereby the terms with e
for which £ ¢ T are ignored in the sum.

2) If Qy is an interface tetrahedron T' € Tr, then

4 (V—ei—l—n—ej-

S =4d? > v )VtAiT“uﬁd_;f%_e (FT,To)VAT, v,k €13,

i,j=1 (4dd—_12) ’
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with 3
FT = J LF(¢r)J ! det Jy,,

where J~! denotes the transpose of the inverse matrix of J, and Vt)\lTO =
(1,0,0), VEAZY = (0,1,0), VIAZ® = (0,0,1), VEAL® = (=1, -1, —1).
3) If Qy is a hexahedron H € H, then for v,k € J§,
3 (V—ei—l—n—ej-) (Qdd—u—ﬁ) 0d
a(k) _ 42 v—e; —v —ei—ej H
SI(/H) =d Z [ (Qd—ei—ej) uu—ei—kﬁ,—ej (Fz] 7H0>
i,j=1 d—e;
v—e;+k) (2d—v—Kk—e;
_ ( —e; )( d—v )MQd_el_e] (FH HO)

v—e;
(Qd—ei—ej) v—e;+kK ij
d—ei
v+r—ej) (2d—v—e;—K
- ( - (Qd)_(eif;y)_(zi )Mitj—mmefﬂ (FZIJ_I,HO>
d—ei
v+k) (2d—v—e;—Kk—ej
Pt )
d—ei

where

F=JVF ()], ) det Jyy,,
and e; is the i-th unit vector in R>.
Proof: If Qi =T € Tp, then

Sk — / V!BY(2)F(z)VBYx)dz, v,ke LY,
and if T' € T7, then '
Sk — /T VB2YNFT(NVB2(\) dX, v,k e T2
The statements of the thoeorem follow by (8.4) in view of the gradient formula

VBT (g dZ B&LT(ywAT, (8.9)

compare equation (44) of [3].
If Qx = H € H, then

§0= [ VBINFITBIN B, v I,
Hy
and we use (8.5) and

VB3 () (BIZ¢(N) — BE4(\)e;. O (8.10)

||Mw

For the purposes of an efﬁClent implementation, we make the following obser-
vation.
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Lemma 8.10. The formula in part 3 of Lemma 8.9 can be rewritten as

3
A(k) _ . 2d—67;—6j —~H B 2d—ei—ej —H
Sun - 2dgv1,ﬂ1gvz,ﬂ2avs,f€3 O‘Zjuu—ei—km—ej (Fij 7H0> - /BZ]MU—6i+I<, (Fij ’ HO)
,j=1

2d—e;—ej /= 2d—e;—e; ;=
- ,yij/’l’l/-i-li—ej‘ ’ (FH HO) + 672]'//61,_’_5 ! (FH Ho)] ,

17 ? 17 ?

where v = (v1,v9,13), k = (K1, ke, k3), 0 is given by (8.7),

o le/i,%j o Qdui(d—l-ﬂj)
Xij = Witr) (v TR;) Bij (vitr;)(2d—v;—kj)’

o 2d(d—v;)k o 2d(d—v;)(d—kj )
Vii T @d—vi—r) (v 4R;)° 0ij = (@d—v,—ry) (2d—v;—r;)”

ifi # j, and
o 2d—1)v; K, o 2d—1)v; (d—k;)

Qii = ('/iifw)(wﬁw—l)’ Bii = ('/E+M)(2d—vi—f%)’

o _(2d=1)(d—v;)k; o (2d—1)(d—v;)(d—k;)
Vi = d-vi-w)ite) 0%

(2d—v;—k;)(2d—v;—K;—1)"

Assuming that the moment vectors are known, S*) can be computed in the
above form with O(1) floating point operations per entry.

Algorithm 8.11. Assembly of the stiffness matrix S.
1) Foreachk=1,...,N:

a) If Qy is an ordinary tetrahedron T € To, then use Algorithm 3 of [3]
to compute the BB moments p2¢=2(F,T), v € Igd_Q, and assemble the
element level stiffness matrix S) of Lemma 8.9 using Algorithm 6 of 3].

b) If Qy is an interface tetrahedron T € Ty, then use Algorithm 3 of [3] to
compute the BB moments ,uﬁd_z(lf’T,TO), v E Igd_Q, and assemble the
element level stiffness matrix S*) of Lemma 8.9 using Algorithm 6 of 3].

c) If Qy, is a hexahedron H € H, then for all i,j € {1,2,3} use Theorem 6 of
[3] to compute the BB moments

2d—e;—ej (17 H 2d—e;—e;
‘ eJ(FiijO)a Vejg 7,

Hy
and assemble the element level stiffness matrix S*) of Lemma 8.9 using
Lemma 8.10.

2) Compute S = AlS by applying Algorithm 8.3 to the columns of S. The vector
¢®) in the notation of that algorithm can only be nonzero if the current column
of S contains any entries of Sk).

3) Compute S = (A'S?)t, according to (8.8), by applying Algorithm 8.3 to the
rows of S. The vector ¢¥) can be nonzero only if the current row of S cor-
responds to a domain point & in € when () is either a hexahedron or an
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ordinary tetrahedron, or in € U R when it is an interface tetrahedron and R
is the face of the hexahedron containing a face of ).

The computational and storage cost of the assembling the stiffness matrix is
O(d°(N + npd)), that is O(1) per nonzero entry if npd = O(N). This can be
seen in the same way as for the mass matrix in Section 8.4. For a discussion of
assembling stiffness matrices one element at a time, see [26,27].

8.5. Matrix free finite element implementation via BB moments

Iterative methods, such as the conjugate gradient method do not require computa-
tion and storage of the system matrices if the matrix-vector multiplication can be
implemented without doing so. As pointed out in Sect. 4.4 of [3], this also amounts
to the computation of BB moments. Indeed, let the current iterate u be expressed
as a linear combination of the basis functions ¢ of SJ(A),

U = Z cete.

EemM
Then, for example, the product Sc of the stiffness matrix S with the coefficient
vector c is given by R
Sc= A'SAc.
Splitting the vector ¢ = Ac of length 7 into blocks ¢®) = {éék)}é‘epgk, k=1,...,N,
we obtain X
¢:= 8¢,
where ¢ consists of the blocks ¢®) = §®e®) =1, ... N. With
A(k
u® o= 3" @y k=1, N,
£€Dq,

we get for all £ € Dq,

(390 = [ T @)F @) Vu® ) da,
Qp

which, with the help of the gradient formulae (8.9) and (8.10), can be easily ex-

pressed in terms of several moments of the following types:

pd Y FEVA® T, veZdt, if Q=T € To,
Ngd_l(ﬁTv{u(k)(¢T)}7T0)7 S I??d_l’ if Qk =Te 7—[’
pd= e (FEV{u™ (¢p)}, Ho), ve T, i=1,23, if Qy=HeMN.

Note that the values of the vector-polynomials Vu(®) or V{u*)(¢7)} at the Stroud
points in T" or Tj, respectively, as needed for the above moment computations, can
be efficiently computed with the help of Algorithm 1 of [3] in O(d*) operations.
The same count applies to the evaluation of V{u®)(¢5)} at the tensor-product
Gauss points in Hy performed by the analogous (and simpler) method. Since the
moments themselves require O(d*) operations, we arrive at a total cost of O(Nd?)
for the computation of the product Se. Finally, Sc is computed as the product A’c.
We summarize the computation of Sc in the following algorithm.
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Algorithm 8.12. Matrix-vector product Sc.
1) Use Algorithm 8.2 to compute ¢ = Ac.
2) Compute & = S¢ as described above.

3) Compute Sc = A'¢ using Algorithm 8.3.

By taking into account the discussion of the cost of Algorithms 8.2 and 8.3 at
the end of Section 8.1, we see that the total cost of Algorithm 8.12 is O(Nd*), and
its storage requirement is O(Nd?3).

We refer the reader to Section 3.4 of [3] for information on how Bernstein-Bézier
moments can be used for solving non-linear equations.

§9. A nodal minimal determining set for SJ(A)

Let
N = {PY'E}fE'Dd,Av

where Dg a is the set of domain points described in (5.1), and where ; is the linear
functional that produces the value of a function at the point ¢, that is v.f = f(¢) .

Theorem 9.1. The set N is a nodal minimal determining set for SY(A), and in
particular, for any function f € C (), there exists a unique s € SY(A\) such that

YeS = ’Ygf, a11§ € Dd,A~

Proof: If H is a hexahedron, then we can find a tensor-product polynomial p €
Qg that interpolates the values f(£), ¢ € Dy p, at the (d + 1) domain points
qbfil(ﬁ ) € Dg 1, This determines the B-coefficients of s|g =po (,751_11 Similarly, for
each ordinary tetrahedron 7', we can find a polynomial p € P, that interpolates
f at the (d_z',"?’) domain points in 7. This determines the B-coefficients of s|r, see
Theorem 5.38 in [21]. Now suppose T is an interface tetrahedron. If F;, i = 1,2,
is a face of T" shared with an ordinary tetrahedron T;, then we get all coefficients
of a bivariate polynomial p; of total degree 2d by Lemma 7.2, and evaluate it at
all domain points in Dyq p,. Similarly, for the face F3 shared with a hexahedron
H, we obtain the coefficients of a bivariate polynomial p3 of total degree 2d by
Lemma 7.3, and evaluate it at all domain points in D, d. b (Fy)" Now, a polynomial

D € Paq is determined by the interpolation at the domain points in D4 7, as follows:
P(671(6)) = pi(€) for all € € Fi N Doar, i = 1,2, p(671(€)) = ps(dg (€)) for all
§ € F3NDaqr, and p(qb;l(f)) = f(&) for all remaining £ € Dy . Finally, we set
sl =po gb;l. Theorem 5.3 ensures that the function s defined in this way belongs
to 83(&), and that the interpolation problem has a unique solution. O

There is a natural dual basis associated with the nodal minimal determining
set NV. In particular, for each £ € M, we define /¢ to be the unique spline in SY(A)
such that

le(n) = 8¢y alln€ Dy (9.1)
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The basis {l¢}eem is different from the one constructed in Theorem 6.2. We refer
to it as a Lagrange basis. These basis functions have the same support as the
basis functions in the set ¥ of Theorem 6.2, and could also be used to compute
with SY(A). However, due to the advantages of the Bernstein—Bézier approach for
computations, we recommend using the basis W.

§10. Approximation power of SJ(A)

We conclude the paper with a result showing how well smooth functions can be
approximated by S9(A). Given f € C(Q), we define

If:= Y [,

£€Dg, n

where the /¢ are the Lagrange basis functions of the previous section. Then by
(9.1), Zf interpolates f at all domain points in Dy . Moreover, if f|r = 0 for a
boundary edge or face R of A, then also Zf|r = 0.

Now given an integer m and a real number 1 < g < oo, let W;*(£2) be the
usual Sobolev space with associated seminorm

/g
[Z\a\:m HDaqu,Q] ) if 1 < q < o0,

| flm.q.0 =
max|q|=m | D flla, if ¢ = oo,
and norm
1 lm.g.0 = max |flxqe

Here o = (a1, ag, a3) is understood as a multi-index, and D* := D¢t Dg2 Dgs.
We also need the shape parameter associated with ordinary tetrahedra in A

defined by
T
k@ = max u,
TeTo pT
where || denotes the diameter of 0, and pr is the radius of the largest ball that
can be inscribed in 7. We set
|Al = max [Q].
1<k<N
Recall that a bijective mapping ¢ : Gy — G with Gy, G domains in R" is

said to be m-smooth if all components of ¢ and ¢~! are m times continuously
differentiable [1]. Let

D]

e o = gax max [ D%illkec.co, 0k <m 1.

For any mapping ¢, we write J, for its Jacobian. We will need the following
extension of Theorem 3.41 of [1].

33



Lemma 10.1. Let f € W (G), 1 < ¢ < oo, m > 1, and let ¢ : Go — G be
m-smooth. Then for any o € 7L with |a| = m,

1D (f o)

-1
0.Go < K J6ll et S™ @+ Do)l 0 o )IDP f
|IB|77

B«
[B]7#0

q,G»

where K depends only on m and n.

Proof: By the chain rule

D*(fog)= Y Mas(¢)- (D’f)o ¢,
(10

where M,3(¢) is a polynomial of degree not exceeding || in derivatives of orders
between 1 and m — || 41 of the functions ¢;, see the proof of Theorem 3.41 of [1].
Since the coefficients of this polynomial only depend on «, (3, it follows that

1 Mag(@)lloo.co < KA+ DI 51 o co)s

where K depends only on m and n. In addition, for ¢ < co a substitution delivers
the Jacobian factor,

/ IDﬂf(cb(y))lqdy:/ IDﬂf(:v)lqle(fE)lde||J¢||§o1,c;0/ |DP f()|dz. O
Go G G

To factor out the influence of the different sizes of the domains Gy and G, we
introduce the mappings

Q_S : GO — G7 GO = ‘G‘G()? gE(y) = ¢(|G|_1y)7
$:G—=Go, G:=1GI7'G, dly) =" (|Gly),

derived from a mapping ¢ : Gy — G.
Lemma 10.2. Under the hypotheses of Lemma 10.1,

1D°(7 0 8)llaco < KIGI™ 970 (U4 DB, o ) lmac: (101
and

1D fllgc < KIGI™/9@[172 . (1+ | D IFodlmace — (10.2)

1,00,Go m—l,oo,é’

where K depends only on m and n.

Proof: To show (10.1), we use the identity
ID(f 0 d)llg.co = IGI™ ™D (f 0 6)
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apply Lemma 10.1 with ¢ replaced by ¢, and take into account that

DS 51 oo S NDSIT 1 ye O < 1Bl <m,
and ¢~ (z) = |G|o(|G| " z), which implies
1751 ., = 1751 loc = | <9I} o &

Similarly, (10.2) follows by an application of Lemma 10.1 with ¢ replaced by QAS, and
taking into account the identities

1D fllg.c = |GI"" ™ D*(fopo @), a0 ¢ '(x) = |G| G(|Glz). O
We define the shape parameters associated with hexahedra in H by

Kim = MaX{ | DOpr 1,00, 10: 1DPH 1 005} H EH,

and set

H
A = g

Similarly, we define the shape parameters associated with interface tetrahedra in 77
by
tr,m = max{[| Do, 1 o705 P07,y ot T €71,

and set

I
K = max K,
Agm TeT;

We note that this definition is consistent with the notion of the shape parameter
of an ordinary tetrahedra since in the case when ¢ is an affine mapping,

ITI
PT

/iTmSK

where K is an absolute constant. Indeed, let ¢r(z) = Az + b for some A =
[a;,j]% ;—1 € R**® and b € R®. Then

wrm = max{|T] ™" max fai 3|, |T] max b5/},
9’ )

where B = [b; ’J]?le = A~!, and the bound follows in view of Theorem 3.1.3 of
[13], which says that [|A|l2 < |T'|/pr, and ||B|l2 < |To|/pr-

We recall that H, 7o, and T; are the sets of hexahedra, ordinary tetrahedra,
and interface tetrahedra in the partition Apg.
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Theorem 10.3. Suppose [ € W (Q) with 3/q < m < d+ 1 for some q > 1,
and all mappings ¢y, H € H and ¢r, T' € Ty, are bijective and m-smooth. Given
an element § of Ag, we define Q) = Qy if Qp € HU To. If Qi is an interface

tetrahedron, we define ), = Q, UH UT) UT5, where H € ‘H is the hexahedron and
T1,T5 € To are the two ordinary tetrahedra that share a face with . Then

ID(f = ZN)llggn < K1 f g LS ESD, (10.3)

for all o« with |a| < m. The constant K depends only on d and the shape parameters

o H I
KAs BAm and Kp .

Proof: Clearly, Zf is well defined since W;"(2) C C(£2) by Sobolev embedding as
soon as m > 3/q. If Qp =T € To, then (10.3) holds with a constant depending
only on d and |T'|/pr, and even with the seminorm |f|,, 4,7 rather than the norm
| fllm.q, 7 on the right hand side. This follows by standard estimates of the error of
polynomial interpolation, see e.g. Theorem 4.4.4 in [10].

Let Qi be a hexagon H. Then the estimates of the error of tensor-product
polynomial interpolation, see e.g. Theorem 4.6.11 in [10], imply

ID*[(f = Zf) © ¢u]

q,Ho < K1|f © ¢H|m,q,H0, |O_/| <m,

with a constant K7 depending only on d (since m < d+1). Since ¢ is m-smooth,
it follows by (10.1) that

[f 0 brlmg,me < Kol H™ )| fll,qm1, (10.4)

where Ky depends only on d and kg ,,. Similarly, by (10.2)

1D (f = Zf)lg.r < KalH|™'*9)(f = Zf) 0 dralljat .m0
where K3 depends only on d and kg 5. Combining the last three inequalities leads
to (10.3).
It remains to consider the case when 2 is an interface tetrahedron T in 7;.
Fori = 1,2, let F; be the face of T shared with the ordinary tetrahedron 7;, and let

F5 be the face shared with the hexahedron H. Furthermore, let p; = Zf|r, € Py,
i=1,2,and p3 =Zf o ¢y € Q4. By Corollary 4.4.7 in [10],

1f = pilloo,rs < Kal T2/ flgrs 0= 1,2,
where K, depends only on d and |T;|/pr,. In particular
1£(6) = pi(&)| < K4 T5|™ %/ flynq, forall € € F;NDogrp, i=1,2.
By Theorem 4.6.11 in [10],
1f o dr — P3llco, e < K5|f © OH|m.q,Ho
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where K5 depends only on d. Hence

1£(6) — p3(05 ()] < K5|f © Gpr|m,q. 1, for all € € F3 N Doy r.

Let Zy : C(Ty) — Pa2gq denote the polynomial interpolation operator with interpo-
lation nodes in Dyg 1, and let p = Zf o ¢p and p = Zo(f o ¢7). Then p,p € Paq
and, by the definition of Zf,

f(é)_pl(§)7 ingFimDQd,T7 i:1727
(6= p)(67"(€)) = § J() = ps(ép' (€)), if € € FsNDaar,
0, iffGDQd’T\(FlLJFQUFg).

Now
p—p=2Lo(p—p),

and in view of the boundedness of the operator Z, : C(Tp) — C(1p) and the Markov
inequality, there exists a constant Kg depending only on d such that

D% = D)llary < Ko max |5 p) (07" ()]

By Theorem 4.4.4 in [10],

I1D%(f o ¢ = Pllg.1 < K7lf 0 brlmgry | <m,

where K7 depends only on d. Hence

ID*[(f = Zf) o ¢r]

010 < D(f o ¢ —p)llgme + 1D (= p)llg,70
2
=1

Taking into account (10.4) and Lemma 10.2 which implies

[f 0 b7lmagr0 < KsTI™ 3 fllm.g.r.

and the following inequality

ID*(f = Zf)lqr < Ko|T|7139[(f = Zf) 0 ¢ ||ja),q 705

with constants Kg, K9 depending only on d and k7 ,,, we arrive at (10.3). O
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§11. Remarks

Remark 1. In addition to pyramids, prismatic elements are often helpful in cre-
ating interfaces between hexahedra and tetrahedra, see e.g. [19]. Bernstein-Bézier
shape functions for them can be easily constructed as described in Sect. 5 of [3],
using tensor products of triangle and univariate shape functions.

Remark 2. Given the B-coefficients of a spline s € SJ(A), Algorithm 8.2 shows
how to convert it to a collection of tensor-product and tetrahedral Bézier volumes,
which are standard objects in Computer Aided Design. This can be helpful in
visualizing the spline.

Remark 3. The problem of defining suitable shape functions for pyramids is com-
plex as it turns out to be impossible to use polynomials, or even any C! functions
on a reference pyramid with a square base, see [29]. To deal with a pyramid P,
several authors proposed the use of rational polynomials [7,8,15,23], while others
[9,11,19,22,29] prefer to split the pyramid into two or more pieces, each of which is
an image of the reference tetrahedron 7. We follow the latter approach.

Remark 4. The THP partitions introduced in Sect. 2 are examples of 3D mixed
meshes consisting of hexahedra and quadratic tetrahedral Bernstein—-Bézier vol-
umes, where two or more quadratic tetrahedra share faces with subsets of a face
of a hexahedron, and/or have a hanging edge inside the face of a hexahedron. 3D
mixed meshes are natural 3D analogs of the TR-meshes discussed in [28] which
consist of a mixture of triangles and rectangles, where hanging vertices are allowed.
In principle, the interface between hexahedral and tetrahedral meshes can be filled
with quadratic tetrahedra in a more flexible way without the restriction that their
pairs form pyramids. This may be beneficial for quality mesh generation. To be
practical, such 3D mixed meshes should not be completely arbitrary, and in partic-
ular should not allow cycles which greatly complicate the 2D case of mixed meshes
discussed in [28].

Remark 5. Our methods can be easily extended to the case where the pyramid
is subdivided into four interface tetrahedra by splitting its base using two crossing
hanging edges as suggested in [22]. Indeed, as in the case of one hanging edge,
we can transform the tensor-product B-form of degree d into triangle B-forms of
degree 2d on each of the four pieces of the base of the pyramid, and we can deal
with the tetrahedra sharing faces with the pyramid by degree raising while defining
the shape functions with the help of the B-forms of degree 2d in the four interface
tetrahedra.

Remark 6. We can reduce the dimension of the space S9(A) without reducing
the approximation order of the method by setting Pr := {po qb;l :p € P} for any
interface tetrahedron 7', where P is any subspace of Pag such that a) Py C P and
b) the restriction of P to the face F' of the interface tetrahedron 7' shared with
a hexahedron includes all bivariate tensor-product polynomials of degree d. It is
easy to see that the smallest possible dimension for P is (df) + (d + 1)% if we for
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example extend the Bernstein basis for P; with respect to T by (d;rl) Bernstein

polynomials of degree up to 2d associated with the face F' that are needed to
ensure b). A further reduction of the dimension of SY(A) can be achieved by
imposing higher order smoothness conditions across the common face of the pair
of interface tetrahedra that form a pyramid. However, any construction of this
type would be significantly more difficult to use than the straightforward choice
P = Paq4 suggested in this paper. In particular, Algorithms 8.2 and 8.3 needed for
the efficient implementation relying on BB-moments would be much more complex.
If the number of pyramids in a THP partition is very small comparing to the
total number of elements (which is expected due to their role as interface elements
between hexahedra and tetrahedra), then the savings from using a smaller space Pr
do not reduce the overall cost of the method by a significant amount. Moreover,
all of the extra basis functions allowed by our construction are supported on a
pyramid, and therefore can be dealt efficiently with by the standard techniques of
static condensation of internal degrees of freedom, see e.g. Sect. 4.2.3 of [18].

Remark 7. Asrequired in the hp-method, different polynomial degrees can be used
on different tetrahedra and hexahedra. In this case the global degrees of freedom can
be handled with the help of degree raising, similar to Lemma 7.2, or following the
scheme suggested in [2]. Moreover, anisotropic tensor-product polynomial spaces

Qnmyy = span {BL™ 1 0<i<n, 0<j<m, 0<k <0}

can be used on hexahedra if Py is replaced by {p o ¢I_{1 P € Qnym,e}- In fact, in
Sect. 7 we have provided the formulae for the general degree raising matrices R™™
and tensor-product /total-degree polynomial transformation matrices T%* needed
for the implementation of the generalized transformation matrices arising in the
methods based on varying degrees on tetrahedra and anisotropic hexahedra.

Remark 8. It is also possible to use serendipity elements (see [5]) on hexahedra.
To this end, the expansion of the degree d serendipity polynomials in terms of the
tensor-product Bernstein polynomials would need to be implemented.

Remark 9. In the case d = 1, the restriction of SJ(A) to a pyramid coincides
with the space suggested in [9,19,29]. For d = 2 the dimension of this restriction
is 19, whereas the quadratic space in [9] has 14 degrees of freedom. Note that two
out of five additional basis functions are supported on one interface tetrahedron
each, and three are associated with the common face of the interface tetrahedra
and supported on the pyramid. The quadratic pyramidal element of [29] has 13
degrees of freedom because it uses a serendipity space on the base of the pyramid.
The higher order pyramidal elements of [9] provide an example of the element with
reduced dimension discussed in Remark 6.

Remark 10. We have avoided the ‘reference pyramid’ approach of [9,19,29] because
this eliminates the need for any separate ‘pyramidal BB moments’ by resorting
directly to the standard tetrahedral moments.

39



Remark 11. The development of finite elements of H(div) and H (curl) type for
THP partitions that take full advantage of Bernstein—-Bézier techniques would be of
considerable practical interest. However, while suitable bases have been developed
for the 2D case (see [4]), the development of Bernstein—Bézier bases for H(div) and
H(curl) conforming spaces on pure tetrahedral triangulations in 3D is still in a
state of flux.

Remark 12. Using the partition of unity property of Bernstein polynomials and
the product formula (7.5), we get

o n,F" __ n,F pm—-n,F __ v ) m,F
pi= g c B = g c,B)" By = E CVWBH_)\,
vely VETR, NETS " VeI, AT "

which implies that the B-coefficients ¢ of p as a polynomial of degree m are given
by

6—2(5)c eIy
w vy w 2

(%)
yel'g‘ n

v<p

This shows that the matrix R™™ in (7.2) is given by

Rnam — M:}:ri_yn7 if v S M?
v 0, otherwise,
where M"™™~" is the trinomial matrix described in (7.6).

Remark 13. The convective matrix V with entries
Vi = [ ve@f(@)Vuea) o, 6.CeM.

where f: Q — R? is a given vector function, can be treated in a similar way to the
mass and stiffness matrices, compare Sect. 4.3 of [3].

Remark 14. The transformation matrix A defined in Sect. 8.1 maps the B-
coefficients of a spline in SY(A) to the vector of all coefficients of the individual
shape functions. Thus, it is essentially a mapping from SJ(A) to a space of piece-
wise functions with no continuity between the pieces. The transformation matrices
used in [26,27] are a little different since they map coefficients of a spline in a smooth
subspace of C° splines to coefficients of a C° spline.
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