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Abstract

We present two partitioning algorithms that allow a sum of piece-
wise linear polynomials over a number of overlaying convex partitions
of the unit cube  in R¢ to approximate a function f € WS(Q) with
the order N—6/(2d+1) iy L,-norm, where N is the total number of cells
of all partitions, which makes a marked improvement over the N—2/¢
order achievable on a single convex partition. The gradient of f is
approximated with the order N—3/(24+1) The first algorithm creates
d convex partitions and relies on the knowledge of the eigenvectors of
the average Hessians of f over the cells of an auxiliary uniform par-
tition, whereas the second algorithm with (d;d) convex partitions is
independent of f. In addition, we also give an f-independent parti-
tioning algorithm for a sum of d piecewise constants that achieves the
approximation order N~2/(d+1),

1 Introduction

Let Q = (0,1)%, d > 2. A finite set A of subdomains w of Q (called cells) is
said to be a partition of Q if wNw' =0 when w # W', and ) . |w| = (9],
where |w| denotes the Lebesgue measure (d-dimensional volume) of w. A
partition is convez if each cell w is a convex domain. The cardinality of a
finite set D is denoted |D|, so that |A| stands for the number of cells w in
the partition A.
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Given a partition A, the linear space of piecewise polynomials of order k
with respect to it is defined by

Se(A) = { D oXe: Gu € HZ}, Xo(x) = {1’ e

Y 0, otherwise,

where 114, k > 1, is the space of polynomials of total degree < k in d variables.
The error of the best L,-approximation of a function f € L,(Q) from Sg(A),

Ek(fv A)p = SE:ISEEA) Hf - SH;IH 1 S p S oo,

can be computed if the errors Ey.(f)r,w) := infoene | f — ¢llz,w) of the best
polynomial approximations of f on all w € A are known. Indeed,

/p
Bu(f, &)y = 4 (Soea Bl ) i p<oo, (1)

maXueA Fi(f) Lo (w) if p= .

For a system P = {A®M ... AM} of several overlaying partitions of €2,
we consider the space of sums of piecewise polynomials

S (P) = {i S Xt G € H%}-

v=1 e AW)

Thus, a function s in Si(P) is the sum of n piecewise polynomials s =
S s, with s, € Sp(AM), v =1,...,n. Weset [P|:=>"_ |AM] and
denote the best approximation error from Si(P) by

E(f.P)yi= dnt f =l 1<p<oc.

Given a function f, we consider piecewise polynomial approximations of
f on suitably designed partitions. Standard uniform type partitions deliver
piecewise polynomial approximations with the order

Ex(f,8)y = O(A[M),  |A] = oo, (2)

if f belongs to the Sobolev space W(Q2), as follows from the Bramble-Hilbert
lemma, see for example [3].

It is shown in [1, Theorem 2] that the approximation order of piecewise
constants E;(f, A)s = O(|A|7Y/9) cannot be improved even assuming infi-
nite differentiability of f if the partitions are isotropic. One thus has to use
anisotropic partitions if smoothness should pay off in convergence rate.
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A simple algorithm suggested in [1, 2] (see Algorithm 1 and Theorem 1
below) delivers an improved approximation order E;(f, A), = O(|A|7%/(@+1)
of piecewise constants on suitable anisotropic convex partitions if f € W2(Q).
Here, the unit cube is first subdivided uniformly into m? subcubes (macro-
cells), each of which is then splitted anisotropically into m slices (micro-cells).
(Note that in the case d = 2 the order E;(f,A), = O(|A|7%?) has been ob-
tained earlier in [4] by a different method.) Moreover, [2, Theorem 2| shows
that |A|72/(4+D) is the saturation order of piecewise constant approximation
on convex partitions in the sense that it cannot be further improved for any
f € C%*(Q) whose Hessian is positive definite at some point. Nevertheless,
[2, Theorem 3] suggests that this phenomenon is restricted to piecewise con-
stants, as the saturation order of piecewise linear approximations on convex
partitions is |A|~%/9, that is the same as on the isotropic partitions.

In this paper we show that for £ = 2 the approximation order Ey(f,A), =
O(JA|=%/4) in (2) can be improved to Ey(f,P), = O(|P|~¢/@+V) if f €
W;’(Q) by using a sum of piecewise linear polynomials with respect to a sys-
tem P of d convex polyhedral partitions of © (Algorithm 3 and Theorem 3).
Moreover, the approximation of the gradient of f improves to O(|P|~%/(24+1)
from the standard estimate O(|A|~Y/?) for piecewise linear polynomials on a
single partition.

In addition, we show that the sums of d piecewise constants on suit-
able fixed, f-independent partitions can be used to obtain the same approx-
imation order Fy(f,P), = O(|P|~%@*D) (Algorithm 2 and Theorem 2),
whereas Algorithm 1 relies on the knowledge of the average gradients of f
on the macro-cells. Similarly, the sums of (d‘gl) piecewise linear polynomi-
als on f-independent partitions can be used to obtain the approximation
order Ey(f,P), = O(|P|~%@*) (Algorithm 4 and Theorem 4), whereas
Algorithm 3 employs the average Hessians of f on the macro-cells.

The results presented here are based on Chapter 4 of the thesis of the
second named author [5].

The paper is organised as follows. Section 2 is devoted to the piecewise
constant approximation, where after recalling the algorithm suggested in
[1, 2] we present our new result for the sums of piecewise constants with
fixed splitting directions of the macro-cells, whereas in Sections 3 and 4 we
describe the two algorithms for the sums of piecewise linear polynomials.

In what follows we will use the following version of the Sobolev seminorm

|f|W;,L(w) = Z ‘ o
|a|=n

, ol i=ar+ o+ ag for a €zl
Lp(w)

Oz
and recall that if w C R? is a bounded convex domain and fj,, € W} (w), then
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there exists a polynomial ¢ € I1¢ such that [3]

|f —alwsw) < pak diamk_T(w)|f\W§(w), r=0,...,k (3)

where pg . denotes a positive constant depending only on d and & [3]. In view
of Lemma 1, (3) implies in particular the Poincaré inequality

If = follz,@) < padiam(@)[V fllL @), f € W, (w), (4)

with a constant pg depending only on d, where f,, := |w|™" [, f(z)dz and

d
19 s = | (0 10a?) 7, o Dot = 52

Note that ||f, — ¢||r,w) < |If — ¢llz,w) for any constant ¢, and hence || f —
JollLpw) < 2E1(f)r, ). We prefer to use (4) rather than (3) when k£ = 1
because explicit values or estimates of the optimal constant in (4) are known
for p=1,2, 00, see a discussion and references in [1, Section 2].

Lemma 1. For any 1 < p < o0,

mas{11-1
IV fllLyw) < 1flwiw < ™23V F)lL ). (5)

Proof. By the inequality between discrete 2- and 1-norms, and triangle in-
equality, we have

1911y < / (iwmkﬂx)\)pdx)up . Z ( / D, fa)pdr)

which shows the first inequality in (5). The second one is obtained as follows.
By the inequality between arithmetic and p-power means,

d
|flwiw) < dl_;(Z/ |kaf(55)|pd93)l/p,
k=1+v%

which completes the proof if p = 2. If p > 2, then |f|w1(w) < d" IV fll L)
follows by the inequality between p- and 2-norms. If p < 2, then the inequal-
ity between p- and 2-means leads to |f|w1) < d2 IV fll L) O



2 Sums of piecewise constants

The following algorithm for piecewise constant approximation with optimal
approximation order |A|72/(4*1) on convex polyhedral partitions has been
suggested in [1, 2].

Algorithm 1 ([2]). Assume f € WHQ), Q= (0,1)4. Split Q into N; = m?
cubes wy, ... ,wn, of edge length 1/m, with m € Z,. Then split each w;
into Ny slices wij, 7 = 1,..., Ny, by equidistant hyperplanes orthogonal to
the average gradient g; = |w;|™' [ Vf(z)dz on w;. Set A = {w;; : i =
1,...,Ny, 7 =1,...,Ny}. Clearly,l |A| = N1 Ny and each w;j is a convex
polyhedron with at most 2(d + 1) facets.

Theorem 1 ([2]). Assume that f € W2(Q), Q = (0,1)%, for some 1 < p <
00. For any m = 1,2,..., generate the partition A, by using Algorithm 1
with Ny = m® and Ny = m. Then

Er(f, Am)p < ClAR V(| flwyey + [ Flwze), (6)
where C' 1s a constant depending only on d.

The new algorithm will involve a system of d convex polyhedral partitions
independent of f.

Algorithm 2. Split Q = (0,1)? into Ny = m?, m € Z,, cubes wy, ..., wn, of
edge length 1/m, whose edges are parallel to the coordinate axes. For eachv =
1,....d, define A™) by splitting each w; into Ny slices w) j=1,..., Ny, by

iy

equidistant hyperplanes orthogonal to the x,-axis. Set P = {AWM . A@DY},
Then ‘A(V)| = N1N2 fOT’ all v = 1, c. .,d and |P‘ = leNQ.

Partitions AW, A® in the case d = 2 and Ny = m = 4 are illustrated in
Fig. 1. Note that each wl(; ) is a d-dimensional box with its v-th dimension
1

—L_ and all other dimensions L.
mN2 m

Theorem 2. Assume that f € W2(Q), Q = (0,1), for some1 < p < co. For
any m = 1,2,..., generate the system of partitions P,, by using Algorithm 2
with N; = m® and Ny = m. Then

Ey(f, Pm)p < C|Pm‘_2/(d+1)(|f‘wg(ﬂ) + | flwz@), (7)

where C' is a constant depending only on d.



Figure 1: Partitions AM, A® for piecewise constant approximation (d = 2,
N2 =m = 4)

Proof. For the sake of brevity we assume that p < oco. The proof for p = oo is
the same except that at the appropriate places integrals have to be replaced
by the L,.-norm.

We first introduce an auxiliary piecewise linear approximation of f. For
each i =1,... Ny, let

d
bi=ci+ Y liy,
v=1
where
;= |wi|_1/ f(x)dx, Ui() = a; (T — 25 0),
with
o=l [ Dufle)dn w1
and (z;1,...,x;q4) denotes the barycenter of w;. We set
Ny
(= Zeini-
i=1
Since

/Eivy(a:)dx:(), v=1,...,d,

and diam(w;) < %, we deduce by the Poincaré inequality and (5),

l(r-350) -

1%

U

< pg diam(w;)

Ly (wi)

p(ws)

d
V=Y Vi,
v=1

\/apd :
m Z | Do, f — ai7V||Lp(wz‘)'
v=1

<



The Poincaré inequality and (5) also imply
Do, [ = @il @) < padiam(wi) [V(Da, )L, (w0

\/Epd a
< > I Dayan fll Ly
pn=1

where we set D, ., f = D,,D,, f. It follows that

dp? & 2dp>
1f = Cill Ly < m—§ > I Dsyan fll g = mf\flwg(wi)-

v,p=1

Hence,

1

> d
||f—€||p=(Z||f G )’ < 220 ®)

For each 4,v, let [29 T3, j] be the projection of the v-th edge of w
the x,-axis, 7 = 1,..., N.

function

on
We now replace ¢;, by the piecewise constant

No
Sip = E bjai,uxw(?)v
1,
j=1 ’

‘ 1_ .0 _
., Na. Since z; — 2 = mN , we obtain

Na
100 = si0lls oy = Z; /w o |y = 21y = b da
J= ©)

1

. |a,z',1/|p aE mNg

where b; = 2 — 2, j = 1,

md-1 £
Jj=1

1 p il/p
updu:< ) 21|

0 mNy/ mi(p+1)

Observe that

‘azu|

o | pet@a < [ pos@pas

By setting

Ny d
(S DRI
v=1

i=1



we obtain a function s € S;(P,,) satistying

N1
e sl = (>
=1

d

’ Z(fz‘,u — S u
v=1

Lp(w;) )

Ny d N
< (Z(ZH&V SZVHLP(WL) >P

=1 =

d

<> (Znew el )

by the triangle inequalities for both integral and discrete p-norm. In view of
the estimates given above,

e sl XD Z (Z )
< Z (Z [ D, f (@) ds)"

1
= m—%\flw,;m). 9)
—2
Since Ny = m and m™? = (‘%’f‘)m, the bound (7) with constant C' =
dari max{2dp?, 1} is obtained by combining (8) and (9). O

3 Sums of piecewise linear polynomials

In this section we approximate the function by using a sum of piecewise linear
polynomials over several overlaying partitions of €.

Algorithm 3. Assume f € W2(Q), Q = (0,1)¢. Split Q into N; = m4,
m € Zy, subcubes wy,...,wy, of edge length 1/m, whose edges are parallel
to the coordinate axes. For eachi1=1,..., Ny, let H; be the average Hessian
matriz of f over w;,

Hi:{ ! /Dxuxuf(x)da?} )
2|w2| wi vu=1,....d

.....

and let 0;,, v =1,...,d, be unit eigenvectors of H;. For eachv =1,...,d,
define AW) by splitting each w; into Ny slices wi(]l-'),

tant hyperplanes orthogonal to the eigenvector o;,. Set P = (A A@DY
Then |AW| = N\Ny for eachv =1,...,d and |P| = dN,N.

7 =1,..., Ny, by equidis-
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Figure 2: Partitions A® (left) and A® (right) obtained from Algorithm 3
(d=2and Ny =m =4).

Partitions AW, A of Algorithm 3 in the case d = 2 and Ny = m = 4
are illustrated in Figure 2. The splitting directions on each subcube w; are
orthogonal to one of the eigenvectors of the average Hessian H;.

Theorem 3. Let f € W2(Q), Q = (0,1)%, for some 1 < p < co. For any
m = 1,2,..., generate the system of partitions P,, by using Algorithm 3
with N; = m® and Ny = [m%] Then there exists a sum of piecewise linear
functions s,, € Sa(P,,) such that

Es(f,Pu) S If = smlly < CLPul™ D ( flwz) + [flwge),  (10)

|f = smlwi@) < Col Pl /(| flwaey + [flwa),  (11)

where C1, Cy are constants depending only on d.

Proof. As in the proof of Theorem 2 we assume that p < co. The modifica-
tions needed in the case p = oo are obvious. Denote by A the partition of
) into N; cubes wy, ..., wy, of edge length 1/m. It follows from (3) that for

each ¢ = 1,..., N; there exists a quadratic polynomial ¢; such that
3 d’ pas
1f = Gill i) < pas diam® (wi)| flwsw,) < 3 | flws() (12)
|f = Gilwin < pas diam® (W) flwse,) < d:jﬂf\wg(wi), (13)
1
|f = @ilw2(w) < pasdiam(wi)] flwsw,) < dzﬂid’?) | flws (- (14)



We deduce from (12) that

3

Ny
d2pas
If = Z%anp S5 | flws- (15)
i=1

Let Gi(x) = 2T H;x be the homogeneous quadratic polynomial whose Hes-
sian matrix coincides with the average Hessian matrix H; of f over w;, that
is,

Do, Gi = |wi\_1/ Dyo f(x)dx, v,p=1,....d.

We can establish a relation between ¢; and ¢; as follows. By using the
Poincaré inequality (4), together with (14), we obtain

||D-'EV-T/,L (gl_q2>’|Lp(wz) S HDwuwu(gZ - f)HLP(Wz) _'_ ||Dmumu(f - ql)HLp(wz)
< paiamn(@)|V(Dayo, /)1 ) + pas diam(en)| g (16)

Let i € {1,..., N1} be fixed, and let (zo,1, ..., Zo,q) denote the barycenter
of w;. Consider the linear polynomial ¢; defined by

d
gz' - 67, + Zgi,l/a gz',l/ = a'i,l/(xl/ - xo,l/)) (17)
v=1
where
oy = | / Do (f — @)(2)dz, &= Jur| ™ / (f — @) (@)dr.  (18)

Observe that fwi l;y(x)dz = 0 for all v = 1,...,d. Hence, by using (4), we
obtain

d
1f =G = Gillywn = 1(F = @ = D liw) = Eill Ly
v=1

d
< pgdiam(w;) |V (f — ¢ — Zgzu) [

v=1

d
< pg diam(w;)|f — ¢ — Z il Wt (wn)- (19)

v=1
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We shall estimate the seminorm in the above inequality. To this end, observe
that for each v = 1,...,d, the Poincaré inequality and (18) yield

QL

||ny (f —qi — Zgi,u) ||Lp(wi) = ||D:cu(f - (jz) - dz’,uHLp(wi)

pn=1
< pgdiam(w;) |V (Da, (f = @) | Ly
< padiam(w;)| Dy, (f — @) lwiwy.  (20)

Now, for each u = 1,...,d, by virtue of the definition of §;, the Poincaré
inequality implies that

1Dz, (f = @) 1y < pa diam(wi) |V (Da,z, )|, (wr)- (21)
Combining (19), (20) and (21) we obtain
1f = G = Cill Ly < 05 diam(w)?| flws ) (22)
Using the above estimation, together with (12), yields

i — @ — il Ly < M@ = fllopwo + 1 f — @ = il 2y
ds

< ﬁ(ﬂd,:’, + 03)|f|wg(wi)- (23)
Since ¢; is a constant, we have
~ d ~
f =G = Glwiey = 1f =@ = > liwlwiw) < 05 diam(w:)?[ flwse,)
v=1

by virtue of (20) and (21). Combining this with (13) implies
l6i = Gi — Lilwi oy < 1@ — flwien + 1f — @ — Glwiw
d
< ﬁ(ﬂd,s + P§)|f|wg(wi)- (24)

For each ¢ = 1,..., Ny, the Hessian matrix H; can be diagonalized into
H;, = UiT D;U; where U; is an orthogonal matrix

U, = [Ui,l e 'Ui,d]T>

and D, is a diagonal matrix whose entries A; 1, ..., \; 4 are the eigenvalues of
H;. Then
g = Ai,lff +-+ )\i,d£3>
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where
0, () = O'ZVSL’, v=1,...,d,

are linear polynomials. We have

Pl £ VPl = g <dZ [ 1De @l e < Sl Pl

Since |w;| = m™4, it follows that

md/ p

‘)\i,u| S

‘f|W§(wi)v V= 1,...,d. (25)

@)

Given i, v and j, the set w;;” is contained between two hyperplanes l,(x) =
¢j and 0, (x) = ¢; + —=&

o where w;, denotes the width of the unit cube in
the direction o, ,. Clearly, 1 < w;, < Vd. We set

Na
gi,u = E )\i,VCj(2€I/ - Cj)Xw(’{)a
i=1 !
d
S; =4 + E gi,l/‘

Then by using the orthogonal change of variables y = ¢y, (z) := U;x we
obtain in view of (25),

H)‘z ,,ﬁ — 5 V”p Wy — / |)‘i7l/(€l/(x) - Cj)2|p dr = / P‘Z}V(yu - C]) P dy
LP(wij ) w({’) ¢U( ( ))
ij .
Vdy d-1 cj+
< (%) / Aoy = )P dy,
m o

< d'? <d|>‘i,1/‘ )p
~ (2p+ 1)miNy \m2N3
dd/2

- (2p 4+ 1)Ny <2m2N2> |f|W2 (wi) (26)
which implies
d4? d
2 = 2
||)\’i,l/€,/_8i,l/||1[]/ ZH)\ZVE S’LI/H (u) — 2p+1<2m2N2> |f|W2 wz
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Hence

d? N\,
< .
Lp(wi) <2p—|— 1) 2m2N22|f‘W3(w1)7

d

||Cji + 4 — giHLp(wi) = H Z(Az‘,u@ - §i,u)
v=1

from which it immediately follows that

N1 1
I D2+ 4= 50l (Z 1o+ = 5ill}, o))
=1

dd/2 L2
< g . 27
< (5,71) snang I (27)

Consider
Ny
s = E SiXw; -
i=1

Then s € S5(P,,). Since m™ < (mNy) ™2 < ('PT}’L')_G/(MH), we now combine
(15) with (23) and (27) to deduce that

N1

1f = sll, < [If = Z%Xw”p“‘ I Z )X llp + 1Y (@ + € = 53)xelly

=1

S Cl|73m|—6/(2d+1 (|f|W§(Q) + |f|W§(Q))>

1

where € = d#+1 (d%(deg, + 7)) + (dm )M—;), and thereby proving (10).

2p+1
For each 7 = 1,..., N} we observe that
_l
=5l <373 Z/ (D2, (f - ) (@)
1De, (4 = @ = L) (@) + |Da, (G + G = 5) (@) ) dw) . (28)

For any pu,v =1,...,d, denoting by o;,[u] the p-th coordinate of the eigen-
vector o;,, with |o;,[1]| < 1, we again use the orthogonal change of variables

13



y = ¢y, (x) and (25) to show that

’|Dxu(>\i,1/£2 Sz l/)”L ( (u)

dy d-1 ¢t
s%@i)t/ Wil = )" dy,
Cj

2P /2 Vi \?
B (p + 1)mdN2 ( mN2 )
d?/? f

which implies

HDwu(Ai,yg 87,1/ HL (Wz Z ||Dm# )\z 1162 57, I/)HL (w(z_/))
ij

< dd/2 ( \/_) |f|W2(wl

“p+1
Hence, for each y=1,...,d, we have
d p
g4 0. — 5P - 2 _ 3.
1D, = 3l 0y = | Des O = 5[
dd/2 d3/2
< 30
< 1 o) 1 s (30)

Combining (13), (24) and (30) shows that

1 =8l <3 (2

dd/2 d5/2
p+ 1 \mNy P

(Lﬁ) —3/(2d+1)

_l_
pd3) |f|W3(w _l_dp(pdi/’)rn pd) |f|W3 ()

where, since m=2 < (mNy)~

f = slwi@) < Col Pl ™D (| Flwa) + 1 lw2)

Y

with Cy = 3d7rT (dpd,s + d(pas + p3) + (;fi/i) Ed?)) and (11) is proved.
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4 Sums of piecewise linear polynomials with
fixed directions

In the previous section, the splitting directions in Algorithm 3 depend on
the eigenvectors of the average Hessian matrices of f. In this section, we
present another method where the splitting directions are independent of
the function.

Lemma 2. Any homogeneous quadratic polynomial q can be represented as

a linear combination of (d;rl) quadratic ridge functions
d -1 d
q= Z a,x? + Z Z bup(Ty + 2,)%, (31)
v=1 v=1 p=v+1
where
1 1 1
0y = Doy, q — 5 > Duyand: bu= 5 Dzoa,d- (32)
wFEV

Proof. To prove the first statement we just need to find this representation
for all quadratic monomials. For ¢ = 22, we simply take a, = 1 and set all
other coefficients to zero. Moreover,

2

22,7, = (v, + x,)° — 22 — s,

so that for ¢ = z,z, with v # p we can use b,, = %, a, = a, = —3. The
formulas (32) follow by a simple computation. O

N[

In the algorithm below, in contrast to Algorithm 3, the splitting directions
of the macro-cells w; are independent of f.

Algorithm 4. Split Q = (0,1) into Ny = m?, m € Z,, cubes wy, ..., wy,
of edge length 1/m, whose edges are parallel to coordinate axes. For each
v=1,...,d, define AW by splitting each w; into Ny slices wi(;) j=1,..., No,
by equidistant hyperplanes orthogonal to the x,-axis. For each pair {v,u} C
{1,...,d}, v # u, define A®W by splitting each w; into Ny slices wf}j’“),
j=1,..., Ny, by equidistant hyperplanes parallel to the subspace defined by
z, +x,=0. Set P={AW . AD AW AL AELDY Then
AW = |[AWH| = Ny Ny for allv,p=1,...,d and |P| = (*I") N1 No.

Partitions AM, A® and A®2 in the case d = 2 and Ny = m = 4 are
illustrated in Figure 3.
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Figure 3: Partitions A, A® and A2 obtained from Algorithm 4 (d = 2
and Ny =m = 4).

Theorem 4. Let f € W2(Q), Q = (0,1)%, for some 1 < p < co. For any
m = 1,2,..., generate the system of partitions P,, by using Algorithm 4
with N; = m® and Ny = [m%] Then there exists a sum of piecewise linear
functions s, € Sa(Ppm) such that

Es(f,Pm) < 1f = smlly < CLlPul =D (| flwz) + [ flwg),  (33)
|f = smlwi@) < Col Pl /CH I ( flwze + [ flwpe),  (34)
where C1, Cy are constants depending only on d.

Proof. As before we only consider the somewhat more difficult case when
p < oo and leave the modifications needed for p = oo to the reader. Denote
by A,, the partition of 2 into Ny cubes wy, ...,wy, of edge length 1/m. For

each i =1,..., Ny, from (3) that there exists a quadratic polynomial ¢; such
that
d%p
. d,3
1 = @ill Lper) < pas diam(w;)?| flws,) < 3 flwpe, (35)
. dﬂd,s
|f = Gilwiw) < pasdiam(w,)?|flwsw,) < -~ | flws() (36)
) Vidpas
|f = Gilwzon < pas diam(wi)l flwgen < — = flwpen- (37)
By using (31) and the notation therein, let ¢; = qi(l) + qi(2) where
d d d
¢V = Za,,x?,, and ¢ = Z Z byp(Ty + 2,)°
v=1 v=1 p=v+1
For fixed v = 1,...,d and j = 1,..., Ny, there exists ¢; such that the v-
th side of wi(]'./) is given by [c;, ¢; + m+v2] Considering the linear polynomial

16



Sl(l) _ Z;le Zﬁzl(Qaucij — a,,c?)xwl(;), clearly

1)
I 1 < D0 [ ot i

j=1 v=1
3T N
eSS [ e e,
j=1v=1 Cj
N
eSS [ s
j=1v=1

B (L) (38)
B — (2p+1)m? \mNy/

By using the inequality between the arithmetic and the p-power means, to-
gether with (37), for each i = 1,..., N7, we have

d
Z ‘ay\l’ Z }2 eva, 0i (T QZD%%% )}pdx

nF#V
wz / von (0= D@+ |3 Do las = N(@)|") de
F 215l .
< 2pdp—1(”d3) o + 21 g 39)

and (38) becomes

1 =y < () (7 (2252 gy + i) 40

Givenv =1,...,dand p =v+1,...,d, there exists b; such that the v-th
side of wg-j’” ) lies between the hyperplanes z,, + r,=bjand r,+z, =b;+w

where 0 < w < mi]fé. Consider the linear polynomial

d

ZZ Z 20b,,, x,,+:cu—b)x -

j=1 v=1 p=v+1

By using the change of variable X = z, + z, and Y = z, — z,, where

17



b; < X <b; +w and the range of Y is at most ﬁ, we have

2
[ _dwzz Z / by [Pl + 2, — b; |2 d

7=1 v=1 p=v+1

N. d i+w
Sdzp—ziz Z lf;ﬁ (g /bb+ |X—2bj\2PdX)
J

j—l v=1 ,u—l/—l—l

2p—2 ‘/_bvup 1 Vd \ 2+l
<y YTy Yl () (1)

=1 v=1 p=v+1

By using the inequality between the arithmetic and the p-power means
and (37), for each i = 1,..., Ny, we find that

d
by
ZZ| u| ZZ | Dmym#qZ )|pd.§lf
v=1 p= v=1 1Y Wi
" d d
<27y Y \ Do, (@i = ) d + 51f 15y
v=1 p=1

l(fﬂd:a

IA

) 1 + 1 Bz (42)
Combining (42) and (41) yields

la = P17 ) _d?’p-?(ijg) ((”‘“’) B + 1o )+ (43)

With s; = 851) + 352), combining (40) and (43) yields

I

1.1 1.2 2)
lai=sill] oy < 227 a” = st oy + 27l = 571

<) () ((\deg) 1) (g + 1 loge): (49

The inequality max{m™3, (mNy)~2} < 4(‘”1)6/(2dJrl [P, |78/ 24+1) s easily
provable. Considering s = SN sixw, and ¢ = SN GiXw,, (35) and (44)
imply

||f—s||ps(2||f—qz||w) (Zn% il )’

d pd?, 2P+ 6d

4d3~
< |f|W 3(Q2) 2—]\,2(\/_%3 + )(|f|W5(Q) + |f|W3(Q))

§01|77m\_6/(2d+1 (Iflwac) + [ flwz@),

18



where C = 4(d+1)
proved.
For each i =1, ..., Ny, by using the triangle inequality, we observe that

6/(2d+1) (d2 pas + 10d3(Vdpas + 1)), and the result (33) is

d
16 = silfys oy < "D (102, (0" = s+ 102, (0 = s ).
v=1
On one hand, a direct computation shows that, for each v =1,...,d,
2P a, P, 1
D, (g — stV v . 45
On another hand, since for each k =1,...,d,
d d
D, (33 bl +5,02) = S 2 o+ 1),
v=1 p=v+1 u#k
and
Ny d d
Dy (30303 20y (4 2,) = b?) = ZZQbku ,
j=1 v=1 p=1 J=1 p#k
we deduce that
1Da, (1 = s ) < dP IZZ‘%MY"/ |2k + 2, — b;|Pd
J=1 u#k
+77L
d“ZZ\zbmp(f [ )
Jj=1 u#k
Vd \pi1
S o)
=1 itk lp—l— 1 mN2
P d
42 G bl 1,
= 4
p—i—l; me (mNg)7 (46)

by Virtue of a change of variable X =z, +2,,Y =z, —x, where b; < X <

bj + Vd and the range of Y not more that ‘[ From (45) and (46), together
w1th (39) and (42), we find that

1 W1dF 1 422N 1 dpas.p
o= silpen < (o) (T ) () Wiy + i)
(47)
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It is easy to show that m™2 < (mNy)™! < Q(dgl)g/(zdﬂ)|7Dm‘—3/(2d+1), We
deduce from (36) and (47) that

B =

Ny

If = slwi@ §<2p_1 (1 =il + 1o — 32“5{;}}@0))
=1

<Co| Pl P (| flwrsey + | flwz) (48)

where Cy = 4(d;1)3/(2d+1) (d*pas + (dz +2) (V/dpas +1)), hence (34). O
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