Macro-Element Hierarchical Riesz Bases

Oleg Davydov and Wee Ping Yeo

Department of Mathematics and Statistics, University of Strathclyde,
26 Richmond Street, Glasgow G1 1XH, Scotland,
{oleg.davydov, weeping.yeo}@strath.ac.uk

Abstract. We show that a nested sequence of C” macro-element spline
spaces on quasi-uniform triangulations gives rise to hierarchical Riesz
bases of Sobolev spaces H*(£2),1 < s < r—&—%, and H5(2),1 <s < 0—|—%,
s ¢ 7+ %, as soon as there is a nested sequence of Lagrange interpolation
sets with uniformly local and bounded basis functions, and, in case of
H;(£2), the nodal interpolation operators associated with the macro-
element spaces are boundary conforming of order o. In addition, we
provide a brief review of the existing constructions of C* Largange type
hierarchical bases.
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1 Introduction

Smooth macro-element spaces are among most practically useful spaces of piece-
wise polynomial splines in two and three space dimensions, see [20]. They are
available on arbitrary polygonal domains and possess stable local bases and
hence full approximation order. Some of them are refinable and therefore suit-
able for the multiresolution analysis [5-7,9,11-15,17,26,27], with applications
in particular to multilevel methods in numerical partial differential equations
and surface modelling.

Given a sequence of nested spline spaces S C 51 C --- C S, C -, and
corresponding nested interpolation sets =y C =1 C --- C 5, C --- with La-
grange bases {Bén)}gegn, hierarchical bases are obtained from the appropriately
re-scaled functions

Bén)7 fEEn\En_l, n:O,l,,,, (E—l = (Z))

The most famous example is given by the piecewise linear basis functions (hat
functions), where the hierarchical basis is used for the multilevel preconditioning
of the discretised second order elliptic equations [31]. The effectiveness of this
method is related to the Riesz basis (or “stability”) property of this hierarchical
basis in the Sobolev spaces H*(£2) and H§(£2), 1 < s < 3. For elliptic equations
of forth order, stability in H?(§2) and HZ(£2) is needed, and this can be achieved
by C* hierarchical bases [12] that are Riesz bases in the range 1 < s < 3. In fact,
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as noted in [21], bases with stability in H*®({2) with as large as possible range of s
is advantageous, in particular when an elliptic operator includes parts of different
order. Moreover, a good preconditioning effect is expected when s corresponding
to a given variational problem lies in the central part of the stability interval.

In this paper we study general conditions for the nested sequences of macro-
element spline spaces to give rise to Riesz bases in H*((2) and H{((2). The main
results (see Theorem 5) show that the stability range 1 < s < r+ 3 in H¥(2) is
guaranteed for refinable C” macro-elements on quasi-uniform triangulations in
R? if the Lagrange bases {Bén)}gegn are uniformly local and bounded, and the
nodal bases of the macro-element spaces are also uniformly bounded. Moreover,
the same stability range (up to the half-integer values) is obtained in H{({2)
if the macro-element nodal (Hermite) interpolation operators II,, are boundary
conforming of order r in the sense that for any function f vanishing on the
boundary of {2 together with its derivatives up to order r, the interpolants IT,, f
have the same property.

The paper is organised as follows. In Section 2 we list some auxiliary results
on K-functionals, interpolation spaces and Sobolev spaces H*®({2) and H{((2).
Section 3 is devoted to Bernstein and Jackson inequalities for bivariate splines,
including the Bernstein inequality in H*({2) for spline spaces possessing stable
local bases, and error bounds for the macro-element nodal interpolation of func-
tions in Sobolev spaces of integer order. General results on hierarchical bases of
Lagrange type are given in Section 4, whereas C'!' macro-element spaces where
such bases are known are reviewed in Section 5. In particular, we verify that the
sequence of nested triangulations suggested in [12] is quasi-uniform.

Throughout we employ the usual notation a < b and a ~ b to indicate that
the inequality (respectively, the double inequality) includes bounding constants
which are not of interest. The parameters on which these constants may depend
are either explicitly mentioned or clear from the context.

2 Preliminaries

We denote by Wf(Q), k€ N, 1 < p < oo, the usual Sobolev spaces on a
bounded Lipschitz domain 2. The space C*(£2) C Wk (£2) consists of all k times
continuously differentiable functions f on the closure of §2, with || f|cx0) =
[ fllwe (2)- The space W5 (82) is also denoted by H*(£2), with H°(£2) := La(£2).
It is a Hilbert space with inner product

B o“f 0%y
W dhaman = (i 9haie g:k (5o 52 sacoy
where o = (v, ..., ) € Z} is a multi-index, with |af := a1 + -+ + .

Let X and Y C X be two Hilbert spaces with norms || - ||x and || - ||y =
II“1lx +]|- |y, respectively, where |- |y is a seminorm. The K-functional is defined
for each f € X and ¢t > 0 by

Kxy(f,t) := inf [[f —glx +1t|gly,
gey
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or equivalently (see [22, Remark 4.8]) by the same expression with |g|y replaced

by lglly-
One of the key properties of the K-functional is the following Jackson type
inequality.

Lemma 1. Let S be linear subspace of X. Suppose that for somet > 0,

inf |lg — s||lx <tlgly, forall geY.
ses

Then for any f € X,
inf [|f = sllx < Kxv(f.?).

Proof. Indeed,

. B o B B _
;ggl\f sllx < glgggg(llf gllx +llg = sllx) < Kxv(f,t)

if the assumption holds. O

According to the K-method [1], the interpolation space [X,Y]s, 0 < 6 < 1,
consists of all f € X for which the functional

|flo.x = </0°° (tKxvy(f.t )) it>1/2 (1)

is finite. Given any « > 1, by splitting the domain of integration (0, co) into the
intervals (a=""1,a™"), n = 0,1,..., and (1,00), and using standard properties
of the K-functional, it is easy to show that

Pl ~ (3 [ K (f.a=)%) )
n=0

where the constants of equivalence depend only on # and «.
The k-th modulus of smoothness of f € L,(§2), 0 < p < o0, is defined by

Wk(fa t)p = Sup ||A§f||Lp(Qk'5)’
|8 <t

where |§| denotes the Euclidean length of § € R™, (25 := {z € 2 : x4+ ji €
2,7=0,...,k}, and

k
Z —DE I f(x +4§6), xeR",
7=0

is the usual difference operator. By [27, Theorem 1], the modulus of smoothness
is equivalent to the K-functional,

wi(f,t)2 ~ Kp, e (f,t5), t > 0. (3)
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Therefore, in view of Lemma 1, error bounds for functions in Sobolev spaces
immediately lead to Jackson type estimates in terms of the modulus of smooth-
ness.
The Sobolev spaces H®(£2) of a fractional order s > 0 can be defined as
interpolation spaces
H*(2) = [La(2), H*(2)],,

where s = k0, k integer, 0 < 6 < 1. In view of (1) and (3),
din1/2
22) (4)

larsay ~ ([ (.00

Let C2°(2) be the linear space of all infinitely differentiable functions on {2
with compact support contained in 2. We use H§(£2) to denote the closure of
C(2) in H5(£2). It is well known [19] that C°(£2) is dense in H*(£2) if and
only if s < % Ifs> % and the boundary of {2 is smooth, then H({?2) is a proper
subspace of H*({2) given by

* 1
Hj(2) = {u € H°(02) : % =0on 92, forall 0 < |a| < s — 5 @€ Z"},
s
see [19, Theorem 11.5]. Hence, H(£2) = H*(£2) if s < 1 and H§(£2) = H*(£2) N
H{(£2), where sg = [s— 4] if s > 3. According to [19, Theorem 11.6] the spaces
H§(£2) of fractional order s ¢ Z +  can be obtained from the integer order
spaces HY(£2), k > s, by interpolation

HY(@) = [La(2), HY(©)],, 0=7, s¢Z+3. )
For s € Z+1% a description of the interpolation spaces Hg, (£2) := [L2(£2), H} (£2)]
§ = £, can be found in [19, Theorem 11.7].
For a domain 2 C R? with piecewise smooth boundary in the sense of [16,
p. 34], which includes the case of Lipschitz polygonal domains, the interpolation
property (5) has been shown in [32]. As shown in [16], H§(£2), s ¢ Z+ %, in this
case coincides with the space H®(£2) of all those functions f € H®(£2) whose
extension to R? by zero belongs to H*(R?). See also [2] for (5) in the case of a
bounded Lipschitz domain in any space dimensions and integer s.

6’

3 Bernstein and Jackson inequalities for bivariate splines

We first recall standard definitions from the theory of bivariate piecewise poly-
nomial splines, see [20] for more details.

Let {2 be polygonal domain in R? and A a finite collection of (closed) trian-
gles whose union coincides with (2. We assume that the intersection of any two
triangles in A is empty, or a common vertex, or a common edge of them. Then
A is a triangulation of 2. The length of an edge e of A is denoted by |e|. Let
& be the set of all edges of A. The maximum length of the edges of A, denoted
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by h = ha = sup.¢ |e], is called the diameter or mesh size of A. We denote the
smallest angle of the triangles T' € A by A, and set

va =min{diam 7T : T € A}/ha.

A family of triangulations is called reqular if 5o > B > 0 for every A in the
family. A regular family is said to be quasi-uniform if yo > v > 0 for every A.
For any positive integer d, let S;(A) denote the space of all piecewise poly-
nomials of degree d with respect to A. In other words, s € Sg(A) if and only
if, on each triangle T" € A, s agrees with a polynomial in Py, the space of all
bivariate polynomials of total degree at most d. For any r =0,1,...,d — 1, let

S3(4) = Sa(4) N C" ()

be the space of all piecewise polynomials of degree d and smoothness r with
respect to A.

Let {s1,...,sn} be a basis for a linear space S C Sy(A). We say that the
basis is m-local if for each i = 1,..., N there is a triangle 7; € A such that
supp s; C star™ (7). Here star®(T') := star(star®*~1(T')) for k > 2, where if U is
the union of a cluster of triangles, then star(U) = star!(U) is the union of all
triangles in A that have a non-empty intersection with U. A basis is called local
if it is m-local for some m.

Suppose that {A1,...,Any} C S* is the dual basis, that is,

L, i=y,
/\7; S5 = )
0, otherwise.

A basis {s1,...,sn} for S C S4(A) is said to be a stable local basis [8] if for
an integer m and positive constants Cy, Cy,

(a) {s1,...,sn} is m-local,
(b) [Ais| < Cl|| HL&(%Mm(T)) forallse S, i=1,...,N, and
(¢) Isillo() < Cayi=1,...,N.

Any stable local basis is L,,-stable for all 1 < p < oo after appropriate renorming,
that is, for any a = (ay,...,ay) € RV,

ks ol <HZ Tom ] oy < 2Culall,» 1P <o,

Lp(£2)

where k1, ko are some constants depending only on p, r, d and m, and | M| denotes
the area of a set M C R2.

3.1 Bernstein inequality

Functions in subspaces of S (A) possessing a stable local basis satisfy a Bernstein
type inequality in the norm of H*(£2) for all 0 < s < r + 3.
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Theorem 1 (Bernstein Inequality). Suppose that S C S5(A) has a stable
local basis {¢;}icr. Then for any f € S,

_ 3
1 £l 25 (2) S AN fll o) 0<s<r+g, (6)

where the bounding constant depends only on s,r,d, Ba,vA and the parameters
m, C1, Co of the stable local basis.

Under slightly different assumptions on .S, a proof of the Bernstein inequality
can be found in [27], see also [29]. We provide a proof based on the following
lemma.

Lemma 2 ([17, Lemma 2.2]). Let f € S}(A). Then f € H*(£2) for all s <
3
r+ 3, and

. 3
1 £l 25 (2) S PA° N fll o) 0<s<r+=, (7)
2

where the bounding constant depends only on s,r,d, A, vA and the number of
triangles T € A in the support of f.

Proof (of Theorem 1). Since {¢; }iecr is a stable local basis, the functions v¢; =
| supp ¢i|~Y/2¢;, i € I, form an Ly-stable basis for S. In particular Vil o2y <
M, where M depends only on the parameters m, C7, Cy of the stable local basis.

Let f = ;e cithi, so that || f|[7, o) ~ 2seq leil®. Choose an integer & > s.
Since the basis {1; }icr is m-local, it is not difficult to see that

Ii(f.0)* < Z lei| 2 Ik (13, 6)%,  where Ii(f,0) == || As fllLo(ns), 0 € RZ.
icl

Hence,

wk(fa t)g 5 Z |ci|2wk(’¢ia t)gv

iel
and by (4),
R dt
e S |Cz‘|2/0 (t wr (i, t)2)? 5 > el i3 -
iel el

By applying Bernstein inequality (7) to the locally supported functions v; and
using the Ly-stability of the basis {1; }ier, in particular, uniform Lo-boundedness
of 1;, we obtain

1 1Fre @) S ha® D leilP10illZ, ) S ha® Y leil® S haZI1F 120
iel i€l

which completes the proof. O
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3.2 Jackson inequality for macro-element spline spaces

We restrict our attention to the macro-element spaces, see [20, Section 5.10],
because of the availability of boundary conforming interpolation operators that
allow appropriate treatment of subspaces with zero boundary conditions.

Recall that a linear functional \ is called a nodal functional provided Af is
a scalar multiple of the value of f or its (directional) partial derivative at some
point = n(A\) € R?, that is \f = 7%(7]), for suitable v,u € Zy, n € 12,
unit vectors o, 7, and a scaling coefficient v € R. The number k(\) = v + pu is
called the order of .

A collection N = {\;}¥ | is called a nodal determining set for a spline space
S C S4(A) if every s € S is k() times continuously differentiable at n(\), and
As = 0 for all A\ € NV implies s = 0. N is called a nodal minimal determining set
(NMDS) for S if there is no smaller nodal determining set. In other words, AV is
an NMDS if it is a basis for the dual S* of S. Let {s;}}, be the basis of S dual
to NV, called the nodal basis.

We will work with spaces of splines that are defined on triangulations Ap =
Uxen KR obtained from a given partition A of §2 into polygonal cells K by
applying some refinement process to each K € A. Examples are provided by
Clough-Tocher and Powell-Sabin splits of the triangles of a triangulation A of
2. We assume that each K is star-shaped with respect to a disk. We denote by
X the chunkiness parameter diam K/pmax of K, where ppax is the maximum
radius of disks with respect to which K is star-shaped [3, Section 4.3]. Recall
that y g is bounded in terms of the minimum angle of K if K is a triangle. We
set XA (= maxXgea XK-

For each cell K € A, we define

Nk ={XeN :n(\) € K}.

We call S C Sq(Ag) a macro-element space provided there is a NMDS A for S
such that for each K € A, S|k is uniquely determined from the values {As}ren -
It is easy to see that the support of a basis function s; in a macro-element space is
contained in the union of all K € A containing n()\;). For each \; € N, we choose
the scaling coefficient v to be equal to v; = diam(Ti)"‘(Ai), where T; € Ap is a
triangle containing n()\;). Note that diam(7;) ~ diam(7”) for any other triangle
T’ € Apg sharing a vertex with T}, with the constant of equivalence depending
only on Sa,, see [20, Section 4.7], and diam(T;) ~ diam(K ), where T; C K € A,
and the constant of equivalence depends only on Sa, and va, := maxgena |Kg|.
Then by Markov inequality [20, Theorem 2.32] |\;s| < Ci||s||p_(r,) for any
s € S, where C; depends only on d, £(S) := max; k(\;) and Sa,. It follows that
{si} | is a stable local basis for S with parameters depending only on d, x(S5),
Bap and vay, as soon as ||sil|p (o) < C2,i=1,..., N, for some constant Cs.
The interpolation operator IT : C*(%)(§2) — S is defined by

N
If = X(f)s:. (8)
i=1
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By the duality of the basis functions s;, it is clear that I1s = s for all s €
S. In particular, IT reproduces polynomials of degree at most k if P, C S.
The definition of the macro-element space implies that the local interpolation
operators I : C*9(K) — S|k,

Orf= Y N(f)si

iin(X)EK

satisfy ITx f = (I1f)|x for f € C*5)(12).

We say that the interpolation operator I1 is boundary conforming of order o
if the homogeneous boundary conditions of order o are preserved by the inter-
polant, that is, if

au+uf
WZO on 012, forall v,u>0, v+upu<o,
implies
ot
Hfe Sy ={s€eS:———=0o0ndQ, forall v,u >0, v+ pu <o}
' oxv Oy

The proof of the following version of the Jackson inequality follows the scheme
used in [3, Section 4.4], where it is proved for finite elements, thus making an
assumption of affine equivalence of the spaces S|k, K € A. In place of affine
equivalence, we only assume that the nodal basis is uniformly bounded, see (9).

Theorem 2 (Jackson Inequality). Let S C S (ARr) be a macro-element space
such that P, C S for some 1 < k <d, and r(S) < k — 1. Assume that its nodal
basis {s;} | satisfies

lIsillo (o) < Co, i=1,...,N. (9)
Then for every f € HFT1(82),
If = I flley < CHE Y fluie), v =0, min{r k} +1,  (10)
where C' depends only on d, Ban, Var, XA and Cs.

Proof. Recall that by Sobolev embedding theorem any function f € HFT'(£2)
belongs (after possible modification on a set of zero measure) to C*~1(£2). This
implies that ITf is well defined for all f € H**1(§2), and f — IIf € H™()
since S (Ag) C H™T1(02).

Given any K € A, we define

K::{m:xeK}.

Then diam K = 1 and hence || < m/4. For any function g defined on K we set
g(y) = g(diam(K)y), y € K. The functions

—

8= 8|k, for all 7 such that \; € N,
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form a basis for the spline space Sk = { :s €S|k} on K, with its dual basis
given by the linear functionals \;(§) := A\i(g), g € C*1(K). Since diam(T}) ~
diam(K), we have

aqup,g 81/+p,g

< i N
Aig = diam(T) Oo? OTH " do? OTH

(diam(K)~'n),

and it follows that

(@)l < Cullgllons iy 9 € CHUR), A€ N, (11)

where Cy depends only on Sa,, va, and d. Note that by Sobolev inequality [3,
Section 4.3],

lglloe i) S gl mnrrye 9 € HEUR) € CF1(K), (12)

where the bounding constant depends only on k and the chunkiness parameter
Xi (= XK)- S
We define the interpolation operator 1T : C*~*(K) — Sk by

Hgg= > Xilg)s
it N ENK

By (9) we get

f

3

||§z'||L2([() H57HL (K) = _02’

which in view of the Bernstein inequahty (7) leads to
H§7||Hr+1(f() S CQ; (13)

where C depends only on d, r, Bag, |Kg| and Cs. R
The inequalities (11) and (13) imply that the operator [T : C*~1(K) —
H"t1(K) is uniformly bounded, i.e.,

||Hf<gHHr+1([() < éBHQ”(;k—l([()a (14)
where the constant Cs depends only on C’l, C’g, d and |Kgr|. Indeed, let g €

CF=Y(K). Then ITpg € Sk € WIFH(K) ¢ H™T'(K). Clearly, |[Nx| does not
exceed a constant C’ depending only on d and |Kg|. In view of (11) and (13),

||HK9HH7+1(K) < Z 9)| ||51||Hr+1 ) < o CICZHQHCK Y(K)"
i A ENK

We now show that for every K € A and g € H*1(K),

lg — Mk gla k) S dlam(K)k+17”|g|Hk+1(K), 0<v<min{rk}+1, (15)
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where the constant in the bound depends only on d, Ba,, vag, Xk and Cs.
If g € H*'(K), then § € H*"'(K) and, by the Bramble-Hilbert lemma [3,
Section 4.3] there exists a polynomial p € Py such that

16 Plleciy S limos gy O <k 1, (16)
where the bounding constant depends only on k and the chunkiness parameter
X5 (= xk)- Let m = min{r, k}. Since II;,p = p, we have by (14), (12) and (16),
16 = il gmss iy < 19 = Pllgmss iy + i (0 = )L it

S llg _p||Hk+1(f<) +lp— QHck—l(f()

< llg _p||Hk+1(f<) +lp— §||Hk+1(f<)

S |§|Hk+1(f<)7
and (15) follows since

|9 = x|y = diam(K) ' ™|§ — gl
19— T g9l ey < N9 = Hg gl grmsr (i), and
|Q|ch+1(f<) = diam(K)k|g|H’€+1(K)-

The estimate (10) follows from (15) because

”f_Hf”%—IV(Q) = Z Z |f|K_HKf|K|%Ii(K)7 |f|%1k-+1(9) = Z |f|K|?‘{k+1(K)

KeN i=0 KeQ
and ha = maxgea diam(K). O
It follows from the proof that the local estimate
If— HKf”H"(K) < Cdiam(K)k+17”|f|Hk+1(K), K e A

holds for all v = 0,...,k+ 1 as soon as f|x € H*"(K), without the restriction
v<r+41.
Note that the estimate

;gg If—9gllav o) < Ch12+1_y|f|Hk+1(Q)a f e " (),

can be obtained by using quasi-interpolation operators for any spline spaces
S with a stable local basis, see [20] or [10]. Even though Theorem 2 is only
applicable to macro-element spaces, its importance for the results below about
Riesz bases in H{(2) is that it leads to the estimate

geigg If = gl @) < CRET | flansioy,  f€ HytH(9), (17)

as soon as the interpolation operator II is boundary conforming of some order
o < r, which is normally the case for the macro-elements.

Corollary 1. In addition to the assumptions of Theorem 2 suppose that the
interpolation operator II is boundary conforming of order o < r. Then the es-
timate (17) holds for all v = 0,...,min{r, k} + 1, where C' depends only on d,
BAr, Vag, Xa and Ca.
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4 General theory of hierarchical Riesz bases

Recall that a basis {¢,,}22, for a Hilbert space H is said to be a Riesz basis if

for any ¢ € (s,
[eS) [eS) 1/2
2
| S ensn, ~ ()™
n=1 n=1

Suppose that S,, n = 0,1,2..., is a nested sequence of finite dimensional
subspaces of a Hilbert space H, that is

SocSic...cS,C... n=0,1,2,.... (18)

We assume that U2 S, is dense in H and set S_; := {0}. Then every element
f € H can be represented as a convergent series EZOZO fn in H with f,, € S,.
For n = 0,1,2,..., let P, be a linear projection from .S, onto S,_;, and let
W,, be the complement space, that is, P,(W,,) = {0} and S,, = S,—1 + W,,. In
particular, Wy = Sp.

We will use the following general result about construction of Riesz bases for
certain subspaces of H using stable bases of W,,. More standard statements of
this type are usually restricted to the case when the projectors P,, are uniformly
bounded, see e.g. [6].

Theorem 3 ([18]). Assume that for some v >0 and p > 1,

”Pn-l—l"'meHHSpv(m_n)”f”Ha fESma (19)

for allm,n =10,1,2,... withn < m. Let s > v and let Hg be a linear subspace
of H which itself is a Hilbert space with norm || - || u, satisfying

o0

Wl ~ ot (S isla)®) " ren. )

fn€Sn: f:Zn=0 fn n—0

Suppose that for eachn = 0,1..., W,, C Hs and there is a stable basis {¢1(¢n)}keKn
for W, in the sense that

|3 ], ~ (3 )™ @

keK, keK,

with constants of equivalence independent of n. Then U;:ozo{p*"5¢,(€n')}keKn s a
Riesz basis for Hs.

Assumption (20) of Theorem 3 can often be verified with the help of the
following theorem. Although it can be derived from more general results in e.g. [4,
22] (see also [28]), we provide here a short and self-contained proof based on
arguments similar to those in [27, Theorem 6] and [7, Corollary 5.2].
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Theorem 4. Let H and H' C H be Hilbert spaces with norms ||-||g and ||| g =
V- \lzr + | - |mr, where | - g is a seminorm. Suppose that for some o > 1 and
0 < A < 1 nested finite dimensional linear subspaces S,, C H satisfy the Jackson
inequality

in; Hf_5||H§a_n|f|H'a fEH,a n=0,1,..., (22)
s€ESy
and the Bernstein inequality in the norm || - ||x;x of the interpolation space
[H,H']5,

Islxk S a™ s, s € S (23)

Then for any 0 < 0 < A,

> 1/2
Wloac~int (D [0 falla)®) ", e, (24)

Jn€Sn: =000 Fn N

where the constants of equivalence depend only on «, the difference A — 6 and
the bounding constants in (22) and (23).

Proof. Recall from (2) that

e 1/2
orc ~ 1= 1l + (3 [ K (£07)F)

n=0

/]

We will show that || f|| ~ || f||*, where ||f||* denotes the right hand side of (24).
We first prove that ||f||* < || f]]. Let f € H. It follows from (22) by Lemma
1 that there exists a sequence of elements f,, € .S, such that

\f = folleg S Kau (f,a7"™), n=0,1,....
Then
I frn = fooaller < W fn = fllg + 1 foo1 = flla S Kaa (f,a™™), n>1,

and || folla S 11+ K. (£, 1). TE || £]] < oo, then [|f— full s — 0 when n — oo
and hence

F=Y (fa=far)y  fa=0,
n=0

where f, — fn_1 € S, since S,_1 C S, which implies

> 1/2
1 < (32 [0l = Facalln)®) S 11

n=0

We now proceed to showing the opposite inequality | f|| < ||f|*. Let f =

~

S0 o fn With some f, € S,. By (23) we have for t € [a=U+D) a77],

KHﬂ’(fnat)? < KH,H’(fnaaij)Q < 0472)\j|fn|§,K < (tan)%anH%I- (25)
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Let 0 < @ < A. Then

S 0 Kpp(f,a79)? < 2(A+ B),
j=0
where
00 ' 7 ' 2 0o 4 o) 4 2
4=3 (S Ko B=3a%( 3 Kuaifua)
=0 n=0 j=0 n=j+1

By (25) and Cauchy-Schwarz inequality,

oo i 2 > J ?
A5 Y0l ) = 3N (S
=0 = =0

n=0
< Z 2j(60—X) Zan(A 0) Zan(A 0) QnGHf- ”2
j=0 n=0
Since 4
J ; _ _
Za"o‘*e) _ T H(A=0) _q _ a(A=9) QA0
> PO B G ) ’
we get
AS Zoﬂ(* ? ZW Do fullf = Co Za2"9||fn||H,
7=0
where Cl = Z:.;O Oéik()\ie) m
The bound Ky g/ (fn,a) < ||fallz and the Cauchy-Schwarz inequality
imply
0o ) e} 2 00 ] oo o e 2
By (3 Ihln) =3 (3 aFaFalsla)
j= n*j—i—l j=0 n=j+1
<Zazge Z a—ne Z a—ne 2n9||f ”H
n=j+1 n=j+1
oo n—1
- S S a3 < Za%ﬂ\fnnH,
n=1 5=0
where Cy = #9(110_1) Combining the above estimates for A and B yields
[FAISR VAR 0

We will use Theorems 3 and 4 with H = Ly(§2) and Hy = H*(£2) or H(12),
where 2 C R? is an arbitrary polygonal domain, and {S,}2% is a nested se-
quence of macro-element spline spaces.
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A sequence of triangulations {A,,}5° , of §2 is said to be nested if each A, 41
is a refinement of A,, that is A, ;1 is obtained from A, by subdividing the
triangles of A,,. Then obviously S (A,+1) C S5(A,), so that {S5(A,)}52, is
a nested sequence of spaces. However, certain subspaces S, C S} (4,,) may also
be nested, see for example [9,11, 13].

Recall that a sequence of triangulations {A, }°2 of 2 is regular if the min-
imum angle of all A, remains bounded below by a positive constant 5 > 0
independent of n, and the triangulations 4A,, are quasi-uniform in the sense that
there exist constants p > 1 and ¢q, co > 0 independent of n such that

cip " <diamT < cop™ ", T e A,. (26)

Parameter p will be called the refinement factor of {A,}22,.

Recall that a finite set = C {2 is said to be a Lagrange interpolation set for a
finite dimensional linear space S of functions on (2 if #= = dim .S and for each
& € = there is a unique function B¢ € S satisfying Be(n) = 6¢,,, for all §,n € =,
where ¢, = 1if £ = n and d¢ ,, = 0 otherwise. The set {35}565 is a basis for S
called the Lagrange basis.

A sequence of Lagrange interpolation sets {Z,,}72, for the corresponding
spaces .Sy, is said to be nested if

SyCcEiCc...cE,C.... (27)
We are ready to formulate the main result of the paper.

Theorem 5. Let {S,}72 be a nested sequence of spaces S, C S5(Ar), r >0,
with respect to a regular nested sequence of triangulations {A,}22 , of a polygo-
nal domain 2 C R?, with refinement factor p > 1, and let {=,,}5°, be a nested
sequence of Lagrange interpolation sets for the spaces Sy, with the corresponding

Lagrange basis {Bén)}gesn for S,,. Assume that the bases {Bén)}gean are uni-
formly local and bounded, that is they are m-local and satisfy ||Bén)||Loo(_Q) < M,
& e =y, for some m, M independent of n.

(a) Assume that the spaces S, satisfy the Jackson inequality

0fF = gllraey < 07 flarera), f € HMHQ), (28)

For some k € N with v < k < d. Then for any s € (1,7 + ) the set

L = n(l1—s) p(n)
BS"'LJ {r By }gezﬁ\anfl
n=0
is a Riesz basis for H®(2).
(b) Moreover, if the spaces S, n = 0,1, ..., satisfy the homogeneous boundary
conditions of order o < r, that is

81/+/Lg
dx¥ Oy+

=0o0n 02, forallv,u>0,v+pu<o, g€ Sn,
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and (28) holds for all f € HYTY(2) rather than for all f € H*'(2), then B,
is a Riesz basis for H3(2) if s€ (1,0 + 2)\ (Z+ 3).

Proof. Under the assumptions of the theorem, the bases {Bén)} cez, A€ stable
and local in the sense of the definition in Section 3. Since diam(T) ~ p~",
T € A, the bases {p"Bén)}geg are Lo-stable, which implies

(n) —n 2 1/2
ngz B Ly ™7 ( 2 )" (29)

for any real numbers c¢, with constants of equivalence independent of n.

Let 0 < s < r+ % We choose a number s such that s < § < r + %
By Theorem 1, since the spaces S,, possess stable local bases, we obtain the
Bernstein inequality

lglla=2) < P"* N9l Lo g € Sh.

By Theorem 4, applied with a = p**! A\ = 5/(k+1) < 1 and 0 = s/(k + 1),
we see that under the assumptions of part (a) condition (20) of Theorem 3 is
satisfied for H = Ly(£2), H' = H**1(2) and H, = H*(£2) = [L2(£2), H**(02)]s.
Similarly, under the assumptions of part (b) condition (20) follows from Theorem
4 with H = Lo(2), H' = H¥TH () and H, = [Lo(02), HE T (02)]s.

We now verify the other assumptions of Theorem 3. The density of UJ2 .S,
in H = Ly(£2) follows from the Jackson inequality (28) since both H*+1(£2) and
HEF(02) are dense in Ly(£2). Furthermore, let I,, : C(£2) — S,, n=0,1,..., be
the Lagrange interpolation operator

Lif= Y f&B".

ISSICHY

We set P, = I_1ls,, n > 1, and Py := 0. Then P, : S, — S,_1 is a
linear projection, and, in view of the nestedness (27) of {Z,}>2,, we have
Pyy1--+ Py = Ig, for all m > n. Let g € S,,, and h := P41 -+ Ppg. Then

9= cc=,, g(g)Bém) and h =3 .= g(f)Bén). By (29) and (27) we obtain

1Bl ) < 272" 3 1@ < 72" S lg(o))?
ez, EeE,,

S PP gl 2

which implies (19) with H = Lo(£2) and v = 1. Because of (27) the sets
("B €€ 5\ Zun}, n=0,1,... (5.,=0)

form Lo-stable bases for the complement spaces W,,. Since W,, C S,, C H*({2)
forall s < r—l—% by Theorem 1, an application of Theorem 3 with v = 1 completes
the proof of part (a). Under the assumptions of part (b) it is easy to see that
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S, C H*(2) = H{(2) for all s < o + 3,5 ¢ Z+ %, and Theorem 3 implies
that Bs is a Riesz basis for [LQ(.Q)7H(I)€+1(Q)]S/(]€+1) forall 1 < s <o+ 3. The
statement of part (b) follows in view of the description (5) of these interpolation
spaces in Section 2. O

Note that in the case r = o = 0 the condition (20) of Theorem 3 for H =
Ly(£2) and Hy = H§(£2), s < 2, can be verified with the help of [25, Corollary 3]
without using interpolation spaces.

The argumentation of Theorem 5 for 2 C R? would lead to the Riesz basis
for H#(£2) with the expectable range % <s<r+ % Indeed, (29) then holds
with p’dTn replacing p~", and hence Theorem 3 is applicable with v = %.

The standard C° piecewise linear hierarchical basis [31] is, after appropriate
scaling, a Riesz basis of H*(£2) s € (1,3) in two dimensions, see [21]. Clearly,
Theorem 5 applies to this case, where the triangulations A,, are obtained by the
uniform refinement of an initial triangulation of 2, p = 2, S, is either S? (A,)
(for H*(£2)) or its subspace {s € Sy, : slae = 0} (for H§(£2)), and =), is either
the set of all vertices of A,, or the set of all interior vertices, respectively. The
Jackson inequality (28) for & = 1 follows from Theorem 2 since SY(A4,) are
macro-element spaces with uniformly bounded basis functions, P; C SY(A,,),
and the interpolation operator IT is boundary confirming of order o = 0.

In the next section we provide a brief review of the existing constructions of
C'! Lagrange type hierarchical Riesz bases for Sobolev spaces H*(£2), s € (1, %),
and Hg(£2), s € (1,2)U(2,2). Note that C" hierarchical bases of Hermite type
are also known [5, 26]. They form Riesz bases for H*(£2), s € (2, 5).

5 C' Lagrange hierarchical Riesz bases for Sobolev spaces

Spline spaces S, C S%(4,) and Lagrange interpolation sets =), satisfying the
hypotheses of Theorem 5 give rise to hierarchical Riesz bases for H*(£2), s €
(1,7+32), respectively H§(£2), s € (1,0+2)\ (Z+ 3). However, specific construc-
tions are only available for » = 0, 1. In this section we review such constructions
of the spaces S, in the case r = 1. We do not describe the corresponding sets
= as they are quite technical, and the interested reader is instead referred to
the original literature.

5.1 Piecewise cubics on triangulated quadrangulations

The first construction of C* Lagrange hierarchical bases has been suggested in
[12], where the nested spline spaces are the macro element spaces of C! piecewise
cubic polynomials on the triangulations (see [20, Section 6.5]) obtained by adding
two diagonals to the quadrilaterals of a checkerboard quadrangulation of any
polygonal domain, which means that all interior vertices of the quadrangulation
are of degree 4 and quadrilaterals can be coloured black and white in such a
way that any two quadrilaterals sharing an edge have opposite colours. The
corresponding nodal basis satisfies (9) with a constant Cy dependent only on
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the minimum angle of the triangles ' € Ar and the interpolation operator I7 is
boundary conforming of order 1.

Nested spaces are obtained by the triadic refinement of the quadrilaterals
and their subtriangles illustrated in Figures 1 and 2. More precisely, Let Q =
(v1,v2,v3,v3) be a quadrilateral and let p; = 1/3(2v1 + v2), p2 = 1/3(v1 + 20v2),
p3 = 1/3(2112 + ’Ug), pa = 1/3(’()2 + 2’U3), pPs = 1/3(2’()3 + U4), Pe = 1/3(113 + 2114),
p7 = 1/3(2v4 + v1), ps = 1/3(vs + 2v1), po = 1/3(v1 + 20), p1o = 1/3(v2 + 20),
pi1 = 1/3(vs 4+ 20), p12 = 1/3(vs + 20), where ¥ is the point of intersection
of the diagonals of ). The refinement is obtained by connecting the points p;
and ps to pg, p2 and p3 to pig, ps and ps to p11, pe and p7 to pi2, and finally
connecting the points pg, p19, P11, P12 together, as shown in Figure 1. Each of the
9 quadrilaterals is subdivided into 4 triangles by its diagonals as in Figure 2.

Fig. 1: A triadic refinement ¢ of a quadrilateral Q.

Given an initial quadrangulation {q of {2, this method generates a sequence
of successively refined quadrangulations g, {1, ..., n, - - ., and triangulations
Ao, A, ..., Ay, ..., and the nested macro-element spaces are S, = Si(A,).
While the nestedness of the sequence of triangulations {A,,}2°  is obvious, its
regularity, which has not been fully addressed in [12], follows from Proposition 1
below. For the nested sequence of Lagrange interpolation sets {=,,}°2 ; described
in [12] all assumptions of Theorem 5 (b) are satisfied, with r =0 =1, k = 3 and
p = 3, which leads to a Riesz basis for H§(£2), s € (1,3) U (2, 2).

Proposition 1. FEach triangle T € A,, n > 2, is similar to a triangle in Ay
with the scaling factor 3,1;_1

Proof. Consider the quadrangulation {¢ of a quadrilateral () obtained by the
triadic refinement. It is easy to see that the quadrilateral (pg,pi0,p11,p12) is
similar to the parent quadrilateral @ = (v1,v2,v3,v4), whereas (p1,p2, P10, Do)
is a parallelogram with side length % of the size of the parent edge (v1,v2), see
Figure 1. Three other children of @) in similar position are also parallelograms.
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Fig. 2: The triangulation Ag of $q.

Let Ag be the triangulation of $¢ shown in Figure 2. We observe that there
are 8 different types of similar triangles in Ag as shown in Figure 3. The triangles
of types 1,2,3 and 4 are similar to their parent triangles (obtained from @ by
splitting along its diagonals) with the coefficient % The triangles of types 5,6, 7
and 8 will be referred to as “median” triangles because each of them has a side
parallel to the median of its parent triangle and of length % of that median, as
illustrated in Figure 4, where the section (v;, vz, vs) of the triangulations Ag of
Figure 2 is shown separately.

Fig. 3: Eight types of similar triangles in Ag.

We now apply the next refinement step and look at the median subtriangle
(a,b,c) of the median triangle in Ag as shown in Figure 5. We note that the
dotted line (¢1,g2) is of length % of the side (p1,pg) of the parent which is
parallel to the median (pi,p2) of the grandparent. Hence the median of the
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median triangle (a, b, ¢) is of length % X % X % = % of the median (m, vs) of the

grandparent (vq,ve,vs). Therefore, the median subtriangle (a, b, ¢) is similar to
the grandparent (v1,vs,vs) with coefficient %.

U1

V2

Fig. 4: The triangle (v1,v2,vs), its median (m,vs) and 9 children.

V2

Fig.5: The triangle {(a, b, c) is similar to the parent (v1, vz, vs) with coefficients %.

Let T € A,,, with n > 2. By applying the above observations recursively, we
have two following cases: 1) T is similar to an ancestor T € A; with coefficient
z=r. 2) T is similar to an ancestor T € Ag with coefficient 7. But T has a
child T € A, which is similar to 7 with coefficient % and this implies that T is

similar to 7" with coefficient 3,%1 O

5.2 Piecewise quadratics on Powell-Sabin-6 splits

C' piecewise quadratic hierarchical bases are considered in [23]. Here, an ini-
tial checkerboard quadrangulation of (2 is first turned into a triangulation by
adding one diagonal of each quadrilateral, and then each triangle is subdivided
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using a Powell-Sabin-6 (PS-6) split. To obtain a nested sequence of triangu-
lations {A,}52, a triadic refinement of the PS-6 split [30] is performed, see
Figure 6. The nested spline spaces S,, are the C'' piecewise quadratic Powell-
Sabin macro-elements [20, Section 6.3]. Lagrange interpolation sets =,, with the
required properties are selected using a scheme which can be seen as a specific
realisation of the interpolation method described in [24]. It is shown in [23] that
this construction leads to a Riesz basis for H*(£2), 1 < s < %, under the as-
sumption that the triangulation sequence {4, }22, is regular. Indeed, in this
case Theorem 5 is applicable with r = ¢ = 1 and & = 2. We note however
that this assumption does not seem easy to verify unless Ag is a uniform tri-
angulation, in which case p = 3. It is an open question whether an arbitrary
polygonal domain (2 admits an initial triangulation such that the sequence of
triangulations obtained by the triadic refinement of its PS-6 split is regular.

AR

Fig. 6: The triadic refinement of the PS-6 split: A new vertex is placed at the position
of the interior point in the PS-6 split and two new vertices on each edge.

5.3 Piecewise quadratics on mixed PS-6/PS-12 splits

In our paper [14] we construct C! piecewise quadratic hierarchical bases on
arbitrary polygonal domains using nested sequences of triangulations and spline
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spaces introduced in [17]. Beginning with an arbitrary triangulation Aq of {2, a
nested sequence of triangulations {A,,}72 , is obtained by the standard uniform
refinement, where the middle points of edges are connected to each other. An
edge of A, is said to be regular if it is shared by two triangles that form a
parallelogram. Clearly, all boundary edges are irregular, but an interior edge
may only be irregular if it overlaps a part of an edge of Ay. Furthermore, let
A¥ be the triangulation obtained by subdividing each triangle 7' € A,, using
the Powell-Sabin-6 split if all edges of T" are regular, or the Powell-Sabin-12 split
[20, Section 6.4] otherwise. For both PS-6 and PS-12 splits the central vertex is
chosen at the barycentre of the triangle and the edge splitting vertices are at the
midpoints of the edges. Then { A }52  is also a nested sequence of triangulations,
as illustrated in Figure 7. It is obviously regular, with refinement factor p = 2.

Fig. 7: An example to illustrate that A is a refinement of A},.

The spline spaces are defined by

Sy, ={se€83(A%): ;—i |p is linear for each irregular edge e of A, },
oL le

where 8‘% denotes the normal derivative of s on e. It is easy to see that {S,}72,
are nested macro-element spaces, their interpolation operators are boundary
conforming of order 1, and P, C S,, n =0,1,.... Let P, : S,, — S,—1 be the

orthogonal projector with respect to the inner product defined by

(f,9) =D (f,9)e;

ec&,
where &, is the set of all edges of A,, and, for e = (v1,v2),

(.9 = oz [F0)gon) + (F0) + 1 9L (w0) ((00) + T 22 (00)

+ 1)) + ()~ 1o () (a2) — 3 22 2))].
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It is shown in [17] that the projectors P, satisfy (19) with

2(1 13
v = log, ((%\/_)) ~ 1.618,

and thus lead to a construction of Riesz bases in H*(2) for v < s < 3.

In [14] we present a construction of nested Lagrange interpolation sets for S,

and their subspaces with homogeneous boundary conditions of order 1, which
leads to a Riesz basis for H*(£2), s € (1,2) and H§(£2), s € (1,3)U (3, 3), by
applying Theorem 5 withr =0 =1, k=2 and p = 2.

Acknowledgements This research has been supported in part by the grant
UBD/PNC2/2/RG/1(159) from Universiti Brunei Darussalam.

References

1.

2.

10.

11.

12.

13.

J. Bergh and J. Lofstrom, Interpolation Spaces: An Introduction, Springer-Verlag,
New York, (1976).

J. Bramble, Interpolation between Sobolev spaces in Lipschitz domains with an
application to multigrid theory, Math. Comp., 64 (1995), 1359-1365.

S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Meth-
ods, Third Edition, Springer-Verlag, New York, (2008).

P. L. Butzer und K. Scherer, Approximationsprozesse und Interpolationsmethoden,
Bibliographisches Institut, Mannheim, 1968.

W. Dahmen, P. Oswald, and X.-Q. Shi, C'-hierarchical bases, J. Comput. Appl.
Maith., 51 (1994), 37-56.

W. Dahmen, Multiscale analysis, approximation and interpolation spaces, in Ap-
proximation Theory VIII, Vol. 2: Wavelets and Multilevel Approximation, Charles
K. Chui and Larry L. Schumaker (eds), pp. 47-88, World Scientific Publishing,
1995.

W. Dahmen, Stability of multiscale transformations, J. Fourier. Anal. Appl., 2
(1996), 341-361.

O. Davydov, Stable local bases for multivariate spline spaces, J. Approz. Theory
111 (2001), 267-297.

O. Davydov, Locally stable spline bases on nested triangulations, in “Approxima-
tion Theory X: Wavelets, Splines, and Applications,” (C. K. Chui, L. L. Schumaker,
and J. Stockler, Eds.), pp. 231-240, Vanderbilt University Press, 2002.

O. Davydov, Smooth finite elements and stable splitting, Berichte “Reihe Math-
ematik” der Philipps-Universitdt Marburg, 2007-4, Marburg, 2007. An adapted
version of this article has appeared as Section 4.2.6 “Smooth FEs on polyhedral
domains” of the book K. Béhmer, Numerical Methods for Nonlinear Elliptic Dif-
ferential Equations: A Synopsis, Oxford University Press, Oxford, 2010.

O. Davydov and P. Petrushev, Nonlinear approximation from differentiable piece-
wise polynomials, STAM J. Math. Anal. 35 (2003), 708-758.

O. Davydov and R. Stevenson, Hierarchical Riesz bases for H°(2), 1 < s < g,
Constr. Approx., 22 (2005), 365-394.

O. Davydov and W. P. Yeo, Refinable C? piecewise quintic polynomials on Powell-
Sabin-12 triangulations, J. Comput. Appl. Math., 240 (2013), 62-73.



14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Hierarchical Riesz Bases 23

O. Davydov and W. P. Yeo, C' piecewise quadratic hierarchical bases, in prepara-
tion.

T. Goodman and D. Hardin, Refinable multivariate spline functions, in “Topics in
Multivariate Approximation and Interpolation,” (K.Jetter et al. Eds.), pp. 55-83,
Elsevier, 2006.

P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman, 1985.

R. Q. Jia and S. T. Liu, C* Spline wavelets on triangulations, Math. Comp., 77
(2007), 287-312.

R. Q. Jia and W. Zhao, Riesz bases of wavelets and applications to numerical
solutions of elliptic equations, Math. Comp., 80 (2011), 1525-1556.

J. L. Lions, E. Magenes, Non-homogeneous Boundary Value Problems and Appli-
cations, Vol. I. Berlin: Springer-Verlag, (1972).

M. J. Lai and L. L. Schumaker, Spline Functions on Triangulations, Cambridge
University Press, Cambridge, (2007).

R. Lorentz, P. Oswald, Multilevel finite element Riesz bases for Sobolev spaces, in
“Domain Decomposition Methods in Science and Engineering: 9th International
Conference, Bergen, Norway,” (P. Bjorstad et al., Eds.), pp. 178-187, Domain
Decomposition Press, Bergen, 1997.

U. Luther, Representation, interpolation, and reiteration theorems for generalized
approximation spaces, Annali di Matematica, 182 (2003), 161-200.

J. Maes and A. Bultheel, C* hierarchical Riesz bases of Lagrange type on Powell-
Sabin triangulations J. Comp. Appl. Math., 196 (2006), 1-19.

G. Niirnberger and F. Zeilfelder, Local Lagrange interpolation on Powell-Sabin
triangulations and terrain modelling, in Recent Progress in Multivariate Approxi-
mation, W. Haussmann, K. Jetter, M. Reimer (eds), Birhduser, (2001), 227-244.

P. Oswald, On function spaces related to finite element approximation theory, Z.
Anal. Anwendungen., 9 (1990), 43-64.

P. Oswald, Hierarchical conforming finite element methods for the biharmonic
equation, STAM J. Numer. Anal., 29 (1992), 1610-1625.

P. Oswald, Multilevel Finite Element Approximation: Theory and Applications.
Stuttgart: B.G. Teubner, 1994.

P. Oswald, Frames and space splittings in Hilbert spaces, manuscript, 1997. http:
//www.faculty.jacobs-university.de/poswald/bonnl.pdf

P. Oswald, Multilevel frames and Riesz bases in Sobolev spaces, manuscript, 1998.
http://www.faculty. jacobs-university.de/poswald/bonn2.pdf

E. Vanraes, J. Windmolders, A. Bultheel and P. Dierckx, Automatic construction
of control triangles for subdivided Powell-Sabin splines, Computer Aided Geometric
Design, 21 (2004), 671-682.

H. Yserentant, On the multi-level splitting of finite element spaces, Numer. Math.,
49 (1986), 379-412.

J.-L. Zolesio, Interpolation d’espaces de Sobolev avec conditions aux limites de
type mélé, C. R. Acad. Sc. Paris, Série A, 285 (1977), 621-624.



