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Abstract

By using the algorithm of Nirnberger & Riessinger [11], we construct Hermite
interpolation sets for spaces of bivariate splines Sg(AI) of arbitrary smoothness
defined on the uniform type triangulations. It is shown that our Hermite interpo-
lation method yields optimal approximation order for ¢ > 3.5r + 1. In order to
prove this, we use the concept of weak interpolation and arguments of Birkhoff
interpolation.



Introduction

We investigate spline spaces of the following type. Let a rectangle R and a partition
of R into uniform subrectangles be given. We add to each subrectangle the same diagonal
and denote the resulting partition by A®. (If we add both diagonals, then the resulting
partition is denoted by AZ%.) The space of bivariate splines of degree ¢ and smoothness
r with respect to the partition A’ is denoted by Sg(Ai), 1=1,2.

Niirnberger and Riessinger [10], [11] developed a method for constructing point sets
which admit unique Lagrange interpolation from Sg(Ai), i=1,2.

The aim of this paper is to define appropriate Hermite interpolation sets which can
be considered as a limit case of the Lagrange interpolation sets above and to show that
the corresponding interpolating splines yield optimal approximation order for S’g(Al) if
q > 3.57 + 1. More precisely, for each f € C?*}(R) the interpolating spline s; € S;(Al)
satisfies ||[D¥(f — sp)|| < Kh?'~* for w € {0,...,¢q}. Here h denotes the maximal
sidelength of the subrectangles of the partition and the constant K > 0 is independent
of h.

Nirnberger [9] showed that the interpolating spline sy yields (nearly) optimal ap-
proximation order for S;(A'), ¢ > 4, which means |[D*(f — sy)|| < Kh*™ for w €
{0,...,p— 1}, where p =4if ¢ =4 and p = ¢+ 1 if ¢ > 5. Niirnberger & Walz [12]
proved that the interpolating spline sy yields (nearly) optimal approximation order for
S;(A?), ¢ > 2, which means ||D“(f —s;)|| < Kh* for w € {0,...,p—1}, where p =g
if ¢ € {2,3} and p = ¢+ 1if ¢ > 4. The interpolating splines in S;(A’), i = 1,2 can be
computed locally by passing from one triangle to the next and by solving small systems
(see the numerical examples in [9], [11], [12]).

Our proof of the optimal approximation order for Sg(Al), q > 3.57 4+ 1, is based
on developements of the concept of weak interpolation introduced in [9]. In order to
prove that there exists dim ﬁq weak interpolation conditions on each triangle we have to
develop new arguments. This is done by showing how weak interpolation conditions are
transfered across the edges and by applying Birkhoff interpolation methods for univariate
polynomials.

We remark that the order of dist(f, Sy(A)) is optimal, if ¢ > 37 + 2 (see de Boor &
Hollig [1], Chui, Hong & Jia [4], Lai & Schumaker [8]). On the other hand, it was shown
by de Boor & Jia [2] that this is not true for ¢ < 37 + 2, even for the three-directional
mesh. We finally note that our method is different from Bernstein-Bezier techniques for
interpolation by S7(A*), i = 1,2, used for r = 1 and ¢ < 3 in [3], [5], [13], [14], [15].

Main Results

We consider bivariate splines of the following type. First, the space of bivariate
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polynomzals of total degree q is denoted by
I, = span{z®y®: >0, >0, a+F<q}.

(The corresponding univariate polynomial space is denoted by II,.) Let a rectangle

R = [ag,by| X [co,dp] and points ay = 29 < 1 < ... < Tpyo1 < Ty, = by, o =
Yo < Y1 < ... < Ynyo1 < Yn, = do such that x; — 2z, = hy, © = 1,...,n; and
Yj — yj—1 = ha, j =1,...,ny be given. By defining R;; = (z;_1,2:) X (yj-1,Y;), ¢ =
1,...,m, 7 = 1,...,n9, we obtain a partition of R into subrectangles R;;. We set
Zij = (Ii,yj), 1= O, e, Nny, ] = 0, ce.yNa, add the diagonal from Zi—1,j-1 to Zi j to each

subrectangle R;; and denote by TZ(;) (respectively Tz(i)) the upper left (respectively the
lower right) triangle of R; ;. The resulting partition is A®.

The space S;(Al) is defined as follows. Let integers r and ¢ with 0 < r < ¢ be
given. The space S;(A') of all functions s € C"(R) such that the restriction to each
subtriangle of the partition Al is in ﬁq is called space of bivariate splines of degree
q and smoothness r.

We now investigate interpolation by S7(A'). In contrast to the univariate case, it is
a non-trivial problem to construct any set at which interpolation by Sg(Al) is possible.
Therefore, we formulate the following problem: Determine a set {z1,..., 2y} in R, where
N = dim S;(A') such that for each function f € C(R), the Lagrange interpolation
problem s;(z;) = f(z;), i = 1,..., N has a unique solution s; € S;(Al). Such a set
{#1,...,2n} is called Lagrange interpolation set for S;(A').

If we consider not only function values of f but also partial derivatives of a sufficiently
differentiable f, then we speak of a Hermate interpolation problem for the space
S7(A'), and the corresponding sets are called Hermite interpolation sets for S7(A').
For describing Hermite interpolation conditions, we denote by f, and f, the partial
derivatives of f for  and y, respectively. The higher partial derivatives are denoted by
froys. Given a point z = (z,y) € R, we set

Dwf(z) = (fm‘”(z)a fz“’—ly(z)v ceey fwy“’—l (Z)a fy“’(z)) .

The uniform norm of f is defined by || f|| = max{|f(z)|: z € R} and for the derivatives,
we set
[1D°fI| = max{]| foeys|l : @20, 20, a+F=w}.

In the following, we construct Hermite interpolation sets for S7(A'). The construc-
tion of Hermite interpolation sets is done by describing Lagrange interpolation sets for
these spaces and then ”taking limits”. The following construction of Lagrange interpo-
lation sets is a special case of [10], [11].



Construction of Lagrange interpolation sets

In order to construct Lagrange interpolation sets for S;(Al), we only have to describe
four basic steps. For an arbitrary subtriangle T of the partition A!, one of the following
four steps will be applied on 7.

Step A. (Starting step) Choose ¢ + 1 disjoint line segments as,...,a,41 in 7. For
1=1,...,9g+ 1, choose ¢ + 2 — ¢ distinct points on a;.

Step B. Choose ¢ — r disjoint line segments by,...,b,—, in T'. For i =1,...,q¢ — 7,
choose ¢ + 1 — r — ¢ distinct points on b;.

Step C. Choose ¢ — 2r + [3] disjoint line segments ci,..., ¢, 9,4(z] in T For i =
1,...,q9—2r, choose g+ 1—r—1 distinct points on ¢; and for i = g—2r+1,...,q¢—
2r + [5] choose 2(¢q —7) — 3r + 1 distinct points on ;.

Step D. Choose ¢—2r—1 disjoint line segments d;,...,d;—9,—1inT. Fori=1,...,¢—
2r — 1, choose g — 2r — ¢ distinct points on d;.

Here and in the following, we set [b] = max{a € Z : a < b}. If the number of lines
in step C or step D is non-positive, then no points are chosen.

Given a partition A', we construct interpolation sets by applying the above steps
successively to the subtriangles. We choose diagonal (respectively horizontal) line seg-

ments in TZ%-) (respectively Ti(j)); except in the first triangle in the upper row, Tl(,l,zw
where we choose horizontal line segments (see Figure 2). The points chosen on these
line segments shall not lie on the triangles already considered. First, we apply step A

to Tl(,1732 (starting triangle). Then, by passing from the left to the right, we apply step
B to the triangles 7" (i, k) € {(i1, k1) : i1=1,...,n1, k1 =1,2}\ {(1,1)}. Then we

,n2)?

consider j = ny—1. We apply step B to 78 and T By passing from the left to

1,n2—1 nl,nz—l'
the right, we apply step C (respectively step D) to the triangles Ti(’i)rl, i=1,....,n—1
(respectively Tl-(,;)rl, i=2,...,mn9). Then we consider the next row and apply the same

steps as for j = ny — 1. We continue this method until all rows of the partition are
considered (see Figure 1).
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Figure 1: Interpolation steps for Sj(A')

Next, we construct Hermite interpolation sets for S7(A'). This is done by using
the Lagrange interpolation above and by ”taking limits”. We consider the Lagrange
configurations and let certain points and line segments coincide (Figure 2 indicates
which points and line segments shall coincide). If certain points on some line segments
coincide, then we pass to the directional derivatives orthogonal to the line segments. In
this way, we obtain the following Hermite interpolation problem.

\

\

\

Figure 2: Interpolation set for SZ(A?)

Construction of Hermite interpolation sets

Let a sufficiently differentiable function f € C(R) be given. For defining Hermite
interpolation conditions for a spline s € Sg(Al), we only have to describe four basic
conditions. Let T be an arbitrary subtriangle of the partition Al. If T is not the first
from the left triangle in the top row, then T denotes the adjacent subtriangle left of T
in the same row if it exists and up of 7" otherwise. One of the following four conditions
will be imposed on the polynomial p = s|7 € I,
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Condition A. (Starting condition) D“p(z) = D f(z), w =0,...,q, where z is a vertex
of T.

Condition B. D“p(z) = D*f(z), w=0,...,q— 1 — 1, where z is the vertex of 7" not
belonging to T'.

Condition C. p,e,s(2) = freys(2), « >0, >0, a+f < ¢g—r—1, a+20 < 2¢—3r-2,
where 2 is the vertex of 7" not belonging to 7.

Condition D. D¥“p(z) = D¥f(z), w =0,...,q—2r —2, where z is the midpoint of the
diagonal of T'.

While Condition A,B and D are symmetric with respect to x and y, this is not the
fact with condition C. Figure 3 presents the domain in which all integer points («, /)
are taken in order to get condition C.

Y

qg—15r—1

qg—2r—1

(0’0) r qg—1r—1

Figure 3: Condition C

Given a partition Al, we impose interpolation conditions on s by passing from the
upper to the lower row and by passing from the first to the last triangle in each row as
follows (see Figure 1).

First, we assign condition A to Tl(,ITBQ. Then by passing from the left to the right,
we assign condition B to the remaining triangles of the upper row. Then we consider
j = ny — 1. We assign condition B to the lower vertex of the first triangle in this row.
Then, by passing from the left to the right, we alternatingly assign condition C and
condition D to the remaining triangles in the row, except that to the last triangle we
assign condition B. Then we consider the next row and assign the same conditions as in
the row before. We continue this method until all rows of the partition are considered.
(Note that the order of the condition in the starting row is different from the conditions

in all other rows.)



We prove our main theorem on approximation order (Theorem 2) by showing that the
interpolating spline satisfies dz’mf[q weak interpolation conditions on each subtriangle of
A' and then apply Lemma 3 below. By using even simpler arguments as in the proof of
Theorem 2, it follows that a spline s € S;(Al) which fulfills the homogeneous Hermite
interpolation conditions above satisfies dimf[q homogeneous interpolation conditions on
each subtriangle of Al. Therefore, we get the following result.

Theorem 1. For each sufficiently differentiable function f € C(R), there exists a
unique spline sy € Sg(Al), q > 3.5r + 1, which satisfies the Hermaite interpolation
conditions described above.

The next result shows that the Hermite interpolation method described above yields
optimal approximation order for ¢ > 3.57 + 1. We denote by ¢ the angle between
the horizontal and the diagonal lines of the partition A! and set h = max{hi, ho}. In
the following theorem, the norm denotes the maximum of the uniform norm over all
subtriangles of the partition (w.r.t. the polynomial pieces).

Theorem 2. Let g, 7 € WU {0} be given such that ¢ > 3.5r + 1. For each function
f € CT™Y(R), there exists a constant K > 0, such that for the unique interpolating spline
sy € S;(A') in Theorem 1 and for all w € {0,...,q},

ID(f — sp)|| < KR (1)
(The constant K > 0 depends onr, q, ¢, ||[D**f|| and is independent of h.)

In order to prove Theorem 2, we need the following result on weak interpolation by
bivariate polynomials. Let a triangle W with vertices (0,0), (A1,0) and (A, A3), where
A3 > 0 be given. Moreover, let 0 < 5o < y; < ... <y, 1 <y, < A3 and for each
Jj€A{0,...,q}, zo; < ... < x4 j; be given such that all points z;; = (z;,,y;), ¢ =
0,...,4—7, 3=0,...,q are contained in W. To each point z; ;, we assign integers

aj=max{a: Tq;=...=xz;;} and f;=max{f: yj_pg=...=y;}.
The next result on weak interpolation follows from Lemma 4 in [9].

Lemma 3. Let a function | € CTY W) and a family of bivariate polynomials {py €
IT,: h € (0,1]} be given. Suppose that there ezists a constant K > 0 such that for all
h € (0,1],

‘(f_ph)wai,jyﬂj(hzi,j)‘ Skhq+1_ai’j_ﬁja ZIO,,q—j, ]:077q . (2)
Then there ezists a constant K > 0 such that for all h € (0,1] and w € {0,...,q},
1D (f = pu) llaw < KRTHT (3)

The constant K depends on K, q, | DT f||, the smallest angle of W and is independent
of h. (We briefly say that p, weakly interpolates f on hW if (2) is satisfied.)
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For the proof of Theorem 2, we also need a result on weak interpolation by a set
of univariate polynomials {g, € I, : h € (0,1]} in the sense of Birkhoff interpolation.
Therefore, let 0 < ¢y < ... <t, <1 and integers v; € {0,...,¢}, j =0,...,¢, be given
such that if ¢ # 7 and t; = t;, then 7; # v;. We say that the Birkhoff interpolation
problem is well-posed for 11, if for each sufficiently differentiable function f € C10, 1],
there exists a unique polynomial g € II, with the following properties:

gO(t;) = fO(t;),  G=0,....q. (4)

Lemma 4. Let a function f € C1T0,1] and a family of univariate polynomials {gp €
Il,: h€(0,1]} be given. Suppose that the Birkhoff interpolation is well-posed and that
there exists a constant C' > 0 such that for all h € (0,1],

|(f = gn) ) (hty)| < CRTT5, j=0,...,q. (5)
Then there ezists a constant C > 0 such that for all h € (0,1] and w € {0,...,q},
I1(f = 9n)“llo.n) < ORI (6)

The constant C depends on C, ¢, || f¢+|| and is independent of h. (We briefly say that
gn weakly interpolates f on |0, h] if (5) is satisfied.)

Proof. Let g € I, be the Taylor polynomial of f, defined by
q f(#)

g(t) ="

teo,1].

It is well known that for w € {0,...,q},

”f(q+1 || hq—l—l w

(=901 < )

tel0,1].
It follows that there exists a constant C; > 0 such that for all A € (0,1] and w €
{0,...,q},

I(F = 9)llom < Cah™17, (7)

where C; depends on ¢, ||f@™V)]| and is independent of h. Thus, we obtain for w €

{0,...,q},

I = 9“lom + l(gn — 9 lloa
Crh 1= + ||(gh ~9)“llo - (8)

1(F = 91)“ o0

IA A
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We set g, = g, — g € II;, and have to show that there exists a constant Cy > 0
(independent of h) such that for all h € (0,1] and w € {0, ..., q},

155 [y < Coht*17+ (9)

Since Birkhoff interpolation is well-posed, the polynomial g, € II, can be written as
follows

q
gn =S 0 (ht)ln,s (10)

i=0
where [, ; € II;, 1 =0, ..., q, are the fundamental polynomials defined by the conditions

Zg)(htj) =65 J=0,...,q.

(Here, 6; ; denotes the Kronecker symbol.) For all w € {0,..., ¢} and ¢ € [0, 2], we have
w (), T :
) (t) = h zgﬂ)(ﬁ), i=0,...,q, (11)

which immediately follows from the fact that the polynomial Al ;(;) € II, satifies
the same interpolation conditions as I, ;. (From (11), we obtain for all A € (0,1] and

weA0,...,q},
15 N0 = P16 N0y, §=0,...,q . (12)
It follows from (5) and (7) that for all A € (0,1] and j € {0,...,q},
B )| < 1 — g0 (0ts) 4+ |(f — 9 (hty)| < (€ + BT . (13)

Thus, we get from (10), (12) and (13) that for all » € (0,1] and w € {0,...,q},

||§ HOh (C-i—Cl ZHZ(‘”) hq+1 Vi i

=0

By denoting C, = (C + C1) X%, ||l(w)|| 0,1, we obtain (9) which completes the proof.

Remark 5. For the particular choice v; = max{y: t;_, = ... =¢;}, 1 =0,...,q,
condition (4) reduces to a Hermite interpolation condition. This generalizes the concept
of univariate weak interpolation introduced in [9].

Remark 6. In the proof of Theorem 2, we will apply Lemma 4 to certain families of
derivatives {(pn)qryr € Iy : Rk € (0,1]} in direction of [ restricted to I; = {tl: t €
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0,1]}, where I = (1, 15) is a unit vector, I+ = (=ly,1;) and {p, € I, : h € (0,1]} is a
family of bivariate polynomials.

In order to prove Theorem 2, we need the following result on transfering weak inter-
polation conditions for splines from one triangle to the next. Let z € R* and [ = (I3, 1),
m = (mq, my) be two lineary independent unit vectors which are not orthogonal and let
the cones

D1={z+7'1m—|—7'2mL: Ty, Ty > 0},
D2={z+7'1l+’r2mL: 71, 7'220},

such that z + 1 ¢ Dy and z + m & D, be given (see Figure 4).

Condition (14)

Condition (15)
0Oo0o00OOOOOOO R

& 66 ©- -6 >

2 l

Figure 4 : Transfering weak interpolation conditions (r=3)

The following result on transfering weak interpolation conditions for a family of
bivariate splines holds. We illustrate condition (14) and (15) of the following lemma in
Figure 4.

Lemma 7. Let a function f € CTY(Dy U Dy), a family of bivariate splines {s;, €
C"(D1UDy) & splp, = pni €11, i =1,2, h € (0,1]} and an integer k € {0,...,q—r—1}
be given. If there exist constants Ky, Ky > 0 such that for all h € (0,1],

‘(.f - ph,l)m"(mJ—)ﬁ(z)‘ < thq-l-l—a—ﬁ’ Q-+ ﬂ <r+k+ 1, a >0, B >k+1 (14)
[(f = Pr2)arys(2)] < Kyhttef 3=0,...,—a, a=0,...,k, (15)

then there ezists a constant K3 > 0 such that for all h € (0,1] and € {0,...,r},

((f = pr2)aryprus ()| < K3hd™*7F (16)
Proof. First, we show that for all » € (0,1] and 5 € {0,...,r},
((f = Dra)miyerns(2)] < Kah® "7, (17)
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for some constant K, > 0. Here and in the following, we use the formula

A
F(a1d1+a2d2)/\ = Z (2)04?7“055}7:1?_“(1‘2‘ ) F € C)\(D’L) I (18)

u=0
where dy, dy and aid; + asdy are unit vectors and A is a natural number. Setting

a1 = (I,m) and ay = (I, m*), we get | = aym~+aym®. (Here, {.,.) denotes the standard
inner product.) Therefore, by (18),

B
(f = pr2)myso(2) = 3 (D)ol b (F = pho)ms-n(myerin(2) | (19)

pu=0

for all 5 € {0,...,r}. Since § — p < r, and because of the C"-property of s,

(f = Ph2)ms-nmrys+140(2) = (f = Ph1)ms-nimiyp+1+u(2),  p=0,...,8, (20)

forall 3 € {0,...,7}. (Here, we used the fact that in direction of m* higher derivatives of
pr1 and pj 5 coincide, even though s, is only in C"(D;UD,).) Since (B—p)+(k+14+p) =
f+k+1<r+k+1, f—p>0andk+1+pu>k+1, u=0,...,08, 3=0,...,r, we
can apply (14) so that by (19) and (20),

[(f = Pr2)mayeris ()] < (Jon| + Jaof ) Fo R (21)

for all h € (0,1] and § € {0,...,r}. Thus, we get (17) with K, = 2"K.
Now, we show that there exists a constant K5 > 0 such that for all A € (0,1] and
pgeA0,...,r},

(f = Ph2)meyeri-nimra (2)| < KshT PP =1, k+1. (22)

L

Since m* = aszlt + ayl, where az = (m*,I+) and oy = (m™*, 1), we obtain from (18),

(f = Ph2)(miyssi-npis(2) =
k+1—p
> (Hi_“)o‘gﬂiuﬂaﬂf — Dh2) Ly po s (2) (23)

=0

forall €{0,...,r}and p € {1,...,k+1}. Since p+5+7€{0,...,q—k—1+pu+7}
and k+1—p—7€{0,...,k}, 7=0,...,k+1—p, p=1,...,k+ 1, we obtain by
(15) and (23),

(= Dr2) e yertoia (2)] < (xg| + o] EGRIH0

for all h € (0,1], € {0,...,7} and u € {1,...,k + 1}. Therefore, (22) holds with an
appropriate constant K5 > 0.
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Now, we prove (16). Since I+ = asm® + agl, where a5 = (mt,11) ! and o =
—(m*,)as, and by (18), (17) and (22),

[(f = pr2)asyrus(2)] < [T (f = phg)mtyprns (2))]
k1

+ Z (k:1)|a§+l_”0‘g(f — Dh2) (mbyk+i-nisn(2)]
p=1

< (las/" Ky + (|as| + [ae] ) T KRR

for all h € (0,1] and 8 € {0,...,7}. By denoting K3 = |as|[** K, + (Jas| + |ag|)* 1 K,
we obtain (16). This proves the lemma. |

By using Lemma 3, Lemma 4 and Lemma 7, we now prove Theorem 2.

Proof of Theorem 2. Let a partition A® of R be given. We note that the partition depends

on h. But for simplicity in the following we omit h. Let s; € Sy (A1), ¢ >3.5r+1, be

the unique interpolating spline of f.

The method of proof is to show that for each triangle TZ(;C) the polynomial pg,kj) =5 f\T_(k_) €
2,7

flq weakly interpolates f on TZ-(,I;-), 1=1,...,n1, j=1,...,n9, k=1,2. For doing this,
we argue locally by considering a fixed number of triangles around each subtriangle T
of the partition. Therefore, for all triangles, we obtain inequality (2) with the same

constant K > 0. Then Theorem 2 follows from Lemma 3. Thus, we have to show :

Claim 1. For each triangle T of the partition A', the polynomial p = ss|7 € I:Iq
weakly interpolates f on T.

We denote by d = (dy,dy) the unit vector in the direction of the diagonal from
Zi—1,j—1 to z; ;. First, we show :

Claim 2. For all « € {0, ...,r} the polynomial (pz(-,lj))(dL)a € ﬁq_a weakly interpolates

favye on [z 1,250, i=1,...,n1, j=1,...,ns.

We consider four cases to prove Claim 2.
Case 1. Let ¢ € {2,...,m1} and j € {1,...,ny — 1} be given. We set u = z;_1,_1,
w = z; ; and denote by Z the midpoint of the diagonal of R, ; (see Figure 5).
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We proceed by induction on a. It follows from the interpolation condition C on the
triangles T*) . and T.% h d ly, and the C" f
gles 1,; and 1;5, at the points u and w, respectively, and the property o

sy, that for all 5 € {0,...,r},

(f —pS,?)dﬂ(u) =0 and (f —pE}j))dB(w) =0. (24)

Therefore, by the interpolation condition D on the triangle 7; (( f— p ) (2)=0, 8=
0,...,¢ —2r —2), and (24), we obtain that Claim 2 holds for a = 0. We now assume
that Claim 2 holds for all @« € {0,...,k}, k£ <r —1 and show that the same is true for
a=k+1.

To this end we will apply Lemma 7 to f — sy twice : at the point 2 = v with m = z,
m' =y and [ = d, as well as at the point z = w with m =y, m* =z and | = —d.
By induction hypothesis and Lemma 4 (see remarks after this lemma), it follows, that
there exists a constant K, > 0 such that for all ~ € (0, 1],

I(f — p”’)(dudﬁ( )| < Kyht™ P B=0,...,q—a, a=0,...,k, (25)

at any point z € [u, w]. Hence, condition (15) holds true in both cases z = v and z = w.
Thus we have to check condition (14). First, we consider the case z = u. Condition (14)
now has the form

(f = P21 )geys (0)| < KihTT1707P 0 a4 B<r4k+1,a>0, f>k+1, (26)

so that («, ) are all the integer points in the triangle of Figure 6.
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r+k+1 s

k+1 ¢ o o o o

Figure 6.

On the other side, by the interpolation condition C on the triangle 7% . we have that

=157

(f = P ;) oy (0) = 0 (27)

for any (o, #) in the quadrangular domain shown in Figure 3. Therefore, the interpo-
lation condition implies (26) if and only if the triangle lies inside the quadrangle (see
Figure 7). It is easy to see that this is true for all £ < r — 1 while ¢ > 3.5 + 1.

B
q—1.5r—1
r+k+1
q—2r—1 \
k+1
(67
(0’0) T qg—r—1 i
Figure 7.

Thus, by Lemma 7 there exists a constant K3 > 0 such that for all ~ € (0,1] and
ged0,...,r},

(f —pg,lj))(dJ-)k‘HdB (u)] < K3h?™*F (28)

In the case z = w condition (14) has the following form
(f =P 1)yens (W) =0, a+B<r4+k+1,a>0 f>k+1. (29)
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The arguments similar to the above show that (29) follows from the interpolation con-

dition C on the triangle Tz(izrl if the triangle in Figure 8 lies inside the quadrangle. This
is true for all £ < r — 1 since ¢ > 3r + 1.

B
(0,0) k+1 r+k+1 g—r—1

Figure 8.

By Lemma, 7 there exists a constant K3 > 0 such that for all & € (0,1] and 8 € {0,...,7},
(f = 8 yernas ()] = |(f = b8 s yersaps (w)| < EKht * 7 (30)
Now, it follows from (28) and (30) and by condition D,
(f—pl(-’lj))(d_L)k+ldﬁ(2) =0, 6=0,....,¢q—2r—k—3,

that Claim 2 holds true for o = k£ + 1.

Case 2. Let i =1 and j € {1,...,n9 — 1} be given. We set u = z,_1, v = 2p;
and w = z; ;. Then [u,v] lies on the boundary of the partition. By the interpolation
condition B at u, we get for all 3 € {0,...,q —r — 1},

(f = N)as(u) = 0. (31)

By the interpolation condition at w and the C" property of sf, we obtain for all 8 €

{0,...,7},
(f = p)as(w) =0 . (32)

By (31) and (32), it follows that Claim 2 holds for a = 0. We now assume that Claim
2 holds for all @ € {0,...,k}, k <r —1 and show that the same is true for & + 1. We
get (30) in the same way as in Case 1. By interpolation condition B at u, we obtain

(f - pg,lj))(dJ-)"’"‘ldﬁ (U) =0, ﬂ =0,...,¢—1— k—2. (33)

17



It follows from (30) that Claim 2 holds for a = k£ + 1.
Case 3. Let i € {2,...,n;} and j = ny. This case can be treated analogously as Case 2.

§1,{2 € ﬁq has dim ﬁq interpolation conditions on

Case 4. Let 2 =1 and j = ny. Since p

Tl(jl,zz, this case is trivial.

Now, we show :

Claim 3. For all o € {0,...,q — 2r — 1} the polynomial (pﬁ?)ya € ﬁq,a weakly

interpolates fye on [zi—1j-1,2ij-1], t=1,...,n1, j=1,...,na.

To prove Claim 3, we proceed by induction on a. We set u = z;_1,;_1, v = z;; and
w = z;j—1. It follows from Claim 2 and Lemma 4, that there exists a constant K; > 0
such that for all » € (0,1],

|(f - pi(,lj))(dJ-)adB(uN < th(ﬁ_l_Q_ﬁa a = Oa - T /6 >0. (34)

We have x = aqd + ayd*, where oy = di, oy = —dy. Hence by the C™ property of Sf
and (18), we obtain from (34) that for all h € (0,1] and g € {0,...,7},

[(F = P{)as ()] < Ki(Jaa| + Jaa]) PRI (35)
Interpolation condition C at w implies
(F =P as(w) =0, B=0,...,q=r—1. (36)

Therefore, we get from (35) and (36) that pl(-’zj) weakly interpolates f on [u, w] so that the
statement holds for « = 0. We now assume that Claim 3 holds for all « € {0, ...k}, k£ <
q—2r—2, and show that the same is true for £4+1. By induction hypothesis and Lemma
4 it follows, that there exists a constant K5 > 0 such that for all & € (0,1],

((F = P2 ygews (0)| S KohH707F B=0,.. .=, a=0,....k. (37)

We now apply Lemma 7 at the point z = u with m* = d and [ = 2. It follows from
(34) and (37) that conditions (14) and (15) of Lemma 7 are satisfied. Therefore, there
exists a constant K3 > 0 such that for all » € (0,1] and 5 € {0,...,r},

(= 20 Dyesran ()] < Ksht ™7 (38)
By the interpolation condition C (respectively B, if j = ny or i = n;) at w, we get

(f = p)ypers(w) =0, B=0,....q—k=r=-2. (39)

Thus, it follows from (38) and (39) that Claim 3 holds for £ + 1.
We remark that, if Tz(i) is such that sy has interpolation condition B at w (i.e., j = ny
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or i = my), then it can be shown by analogue arguments that Claim 3 holds also for
aec{qg—2r,...,¢q—7—1}.
In the following, we show :

Claim 4. For each triangle T® = 1,...,m, 7=1,...,n9 the polynomzalp( ) ¢ H

2,7 7
weakly interpolates f on T(z).

To prove Claim 4, we consider three cases.
Case 1. Let i € {1,...,ny —1} and j € {1,...,ny — 1}. Weset u = z;_1 j_1, v = 2;;
and w = z; j_; (see Figure 9.).
Because of the C" property of sy and the fact that higher derivatives of f — pz('i)m 41 and
f- pz +1 ; (respectively, f— pgi)l,j and f —pg?) in direction of z (respectively, y) coincide,
we get by Claim 3 (since r < ¢ — 2r — 1) and Lemma 4 that there exists a constant
K, > 0 such that for all h € (0,1] and «, f € {0,...,7},

((F = 22 ays )] = |(F = DL )y (0)] = 1(F = P 1)y (0)] < KahTT 7278 (40)

T, T g
T
7.} b,
L)
U w

Figure 9.

In the following, we will show that for all « € {¢ — 2r,...,¢ — r — 1} the polynomial
(pg?])) € l:Iq_a weakly interpolates fyo on [u,w]. We prove this by induction on a. We
begm with a = ¢ — 2r. It follows from (40) that for all A € (0,1] and 3 € {0,...,7},

(f = DY) arys (0)| < KyhtH78 (41)

By interpolation condition C at w, we get for all § € {0,...,q —2r — 1},

(f ng )x’yﬁ( ) = O . (42)
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Therefore, by (41) and (42), we obtain that (1052]))z € M, , weakly interpolates f,» on
[v,w]. Tt follows from Lemma 4, that there exists a constant K5 > 0 such that for all
h € (0,1],

(F = B8 yomrar (w)| < EGHTHE (43)
Moreover, interpolation condition C at w also implies

(f - pg?j))yq_ma:ﬁ (w> =0, f=0,....,r—2. (44)

By Claim 3, (pl('?j))ya weakly interpolates fye on [u,w], & =0,...q — 2r — 1. Hence, by
Lemma 4, (37) holds true for ¥ = ¢ — 2r — 1. Therefore, arguing as in the proof of Claim
3, we obtain (38) with £ = ¢ — 2r — 1, i.e.,

(f = 5o 2ras ()] < ER2HP B=0,...,r, (45)

where K3 > 0. Since Birkhoff interpolation for 0 <ty =...=t,_1 <t, =...=ty,, and
V=3 3=0,...,r=2, o1 =7, Yp4j=17J, J=0,...,7, is easily seen to be well-posed
for Iy, it follows from (43), (44) and (45) that (pg?j))y
fya-2r on [u, w]. This shows the case o = ¢ — 2r.

g2 € IT,, weakly interpolates
Now, we assume that for k£ € {¢ — 2r,...,¢ — r — 2} the polynomial (pgi-))ya € ﬁq,a
weakly interpolates fye on [u,w] for all & € {¢ — 2r,...,k}. Moreover, in the case
ke{q—2r,...,q—2r+[5] -1}, we assume that (pgzj)
fra-r-a on [v,w] for all a € {q —2r,... k}.

We have to show that (pf;’zj))yk+1 € ﬁq,k,l weakly interpolates fyi+1 on [u,w]. For doing

€ l:ITJra weakly interpolates

)wq—r—a

this, we consider two cases. First, we treat the case k < ¢ —2r + [§] — 1.
It follows from (40) that for all A € (0,1] and 3 € {0,...,7},

[(F = D)ooy (v)] < Kyh 44270 (46)

,J
By interpolation condition C at w, we get for all § € {0,...,q —2r — 1},
2
(f = P\))aamr-rorys (w) =0 . (47)

.From the induction hypothesis and Lemma 4, we obtain that there exists a constant
Kg > 0 such that for all h € (0,1] and § € {¢—2r,...,k},

(f = D) aa s b 18 (w)] < Kgh™ 4278 (48)

It follows from (46), (47) and (48) that (p(Q))$q_,_k_1 € I,4ry1 weakly interpolates

,J
fza—r—r—1 o0 [v,w]. Hence, we obtain from Lemma 4 that there exists a constant K5 > 0
such that for all h € (0,1],

((f = 2 et gamr-rcr (w)| < Ksh™ (49)
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The second part of the induction hypothesis says that (pgj))mqu € ﬁr+a weakly in-

terpolates fy-r-o on [v,w] for all @« € {q — 2r,...,k}. Therefore, it follows from
Lemma 4 and (49) that there exists a constant K; > 0 such that for all A € (0,1]
and fe{g—r—k—1,...,r},

|(F = p2))yras (w)| < KrhT™H7 (50)
Moreover, interpolation condition C at w also implies

(f — pz(‘,zj'))yk+1w5 (w) =0, ﬁ =0,..., 2(q — k- 2) —3r. (51)
By the induction hypothesis and Claim 3, (pg?)ya weakly interpolates fyo on [u,w], for
any a € {0,...,k}. Therefore, we can apply the same argumentation as in the proof of
Claim 3 and obtain that (38) holds for the actual k, i.e.,

((f = D) ypnas (W) < Ksht™* 7 B=0,.. 7, (52)

where K3 > 0. It can be easily seen (cf. [7], Theorem 1.5) that Birkhoff interpolation for
0<ty=...=tghra<typr1=...=tgp1<landvy,=j, j=0,...,2(¢ -k —
2)=3r, vy =j—q+k+2r+2, j=2(q—k—2)=3r+1,...,¢—k—1—2, Yy pr_14j =
J. j =0,...,7, is well-posed for II,_,_;. The hypotheses of Theorem 1.5 in [7] hold
because the accompanying normal (algebraic) interpolation matrix satisfies the Polya
condition and (trivially) contains no odd supported sequences. Therefore, it follows

from (50), (51) and (52), that (pg?)ka € T, 41 weakly interpolates f,x1 on [u,w].

Now, we consider the case k € {¢ —2r + [3],...,¢ — 7 — 2}. Then it follows from

the above consideration that (pg?)wﬂ € M, s weakly interpolates f,s on [v,w] for all

B e {r—1[5l,...,7}. Hence, it follows from Lemma 4, that there exists a constant

Kg > 0 such that for all h € (0,1] and for all 5 € {r —[5],...,7}, v €{0,...,¢ = B},

((f = #i3)emyp (w)| < Kbt T2 (53)
In particular, we get for all h € (0,1] and g€ {r — [5],...,¢ — k — [5] — 2},
[(f = P2 ypriao(w)| < Kght ™7 . (54)

The same argumentation as above shows that (52) again holds. By [7], Theorem 1.5
the Birkhoff interpolation for 0 < ¢y = ... =t p_r_2 < tgopor1 = ... = g1 < 1
and v; =r—[5]+7, 1=0,....,¢—k=7=2, Yy b1+ =J, J = 0,...,7, is well-
posed for IT,_x_1. Therefore, it follows by (54) and (52) that (pf-fj))ym € I, _1 weakly
interpolates fyi+1 on [u, w].
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Thus, we have shown that for all « € {¢—2r,...,g—r—1} the polynomial (pg?)ya €T, o

weakly interpolates fye on [u, w].
By Claim 3 the same is also true for any a € {0,...,¢ — 2r — 1}. An application of
Lemma 4 shows that

(f = pw) ozt |l < Koh?t' 7P 0 3=0,...,¢—a, a=0,...,g—7—1,
where K¢ > 0, particulary,
|(f — p”)y s(Ww)] < Kghtt' =P 3=0,....g—a, a=0,...,q—r—1. (55)
In addition, we have by (40),
I(f — p”)y 28(v )|§K4hq+1_a_f37 B=0,....tr—a, a=0,...,7. (56)

It is easy to see that (55) and (56) together form a complete set of weak interpolation

condltlons for the triangle T( ). Therefore, the polynomial p<-2)

,L’j
fonT, i’j . This shows Claim 4 in Case 1.
Case 2. Let ¢ = ng and j € {1,...,np — 1}. We set u = 2,1, ¥ = 2, j+1 and
W = Zn,,j-
By the same arguments as in the proof of Claim 3 (see remark at the end of the proof

of Claim 3), we obtain by interpolation condition B at w that there exists a constant
K1y > 0 such that for all 4 € (0, 1],

€ flq weakly interpolates

|(f—p(2)')yaa;ﬁ(?,U)| < Kypht™t=ef  3=0,....q—a, a=0,...,q—7—1. (57)

ni,J

It follows by interpolation condition B at v and the C" property of s¢, that

(f pm J)y mﬂ( ) (f—pgi),jﬂ)y%ﬁ(v) =0, 6=0,....r—a, a=0,...,7. (58)

We now get from (57) and (58) that the polynomial p( ) ¢ I, weakly interpolates f on

Tf? . This shows Claim 4 in Case 2.
Case3. Leti € {1,...,n1} and j = ny. Weset u = 25,1, U = Zit1,n, a0d W = Ziy1 1,1
Now, we argue analogously as in Case 2 with the following difference. If ¢ > 1, then

we get (58) by using interpolation condition B at v concerning the triangle Tz(nl If

i =1, we get (58) by the fact that p( ) € 11, weakly interpolates f on the triangle T1< ,22
(compare Claim 2, Case 4).
Now, we show the following :

Claim 5. For each triangle TZ(J), ,=1,...,n1, J =1,...,n9 the polynomial p( ) ¢ H

weakly interpolates f on T(l).
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To prove Claim 5, we consider three cases.

Case 1. Let i € {2,...,n1}, j € {1,...,n2 — 1} be given. We choose u and w as in
Case 1 of Claim 2 and v = z;_; ;. Claim 4 shows that pEQ_)Lj e I, (pg?j)H € I1,) weakly
interpolates f on TE)IJ (Tz(ill) Thus, we get from Lemma 3 that there exist constants

K1 > 0 and K5 > 0 such that for all A € (0, 1],

|(f - pz('i)l,j)w"‘yﬁ (u)| S Kllhq+lia7ﬁa a+ ﬁ S q, &, ﬂ Z 0 ’ (59)
and

(f = P 1) o ()| < K1phT77°7P 0+ < q, a,>0. (60)

Using the same arguments as in the proof of Claim 2, Case 1, we obtain that (pﬁlj ) Ly €

II,_o weakly interpolates f(41ye on [u,w] for all & € {0,...,q—r —1}.
Therefore, by Lemma 4,

(f = P @t yoas (w)] < Eysh®™ 28 B=0,...,¢—a, a=0,....,¢—r—1, (61)

where K3 > 0. Because of the C" property of sy and Claim 4, we get by Lemma 3 that
there exists a constant K4 > 0 such that for all ~ € (0, 1],

(f = P8 ayeas (0)| < Kygh?*1=07P 0 =0, .r—a, a=0,...,7 (62)

It follows from (61) and (62) that the polynomial pg}j) € ﬁq weakly interpolates f on
T-(l-)

ij
Case 2. Let i =1 and j € {1,...,n2 — 1} and u,v and w be choosen as in Case 2 of
Claim 2. Then we use (60) and the same arguments as in Case 2 of Claim 2 to show

that (pf})(d”a € I:Iq_a weakly interpolates f(siy« on [u,w] for all « € {0,...,¢—7—1}.

Moreover, we get (62) in the same way as in Case 1. This shows that the polynomial
pglj) € ﬁq weakly interpolates f on Tl(,lj).

Case 3. Let i € {1,...,n;,} and j = ny. If i > 1, this case can be treated analogously to
Case 2, with the difference that (59) is used instead of (60). If i = 1, Claim 5 is trivial.

Claim 1 now follows from Claim 4 and Claim 5. This proves the Theorem. [ |
Remark 8. The results above also hold for splines defined on any simply connected

subset of the rectangle R which is the union of the given subtriangles such that every
pair of successive triangles has a common edge.
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